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c l a s s Date {

pub l i c Year year ;

pub l i c i n t month ;

pub l i c i n t day ;
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}

}
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dates [ 0 ] = new Date ( ) ;
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�Ø�êâJø?Û½���{"S.u3Ù¦a¥½Â|�öa¶duù�

�Ï§3Java â�¥|�öa�SÜa"

��|�öa=k���{§�copy"Q,Java¥�CþÑ´é��Ú^§

D��é=��Ú^§
Ø´é��¢~�§Ò�·�3~1.1¥w��"XJù


Cþ3���Date�|�öa¥½Â§·��±¦^�é 5��dueDateé

��¢~��noticDate¤Ú^�#é�¥§��?U��´noticDate�day�"
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noticDate = Date . copy ( dueDate ) ;

noticDate . day = dueDate . day −7 ;

½Â 1.1 |�öa���¼ê

|�öaò¢~�D����#é��copy¼ê£�{¤���5KX

e£~f¥b�é�d����#é�d2¤µ

1. XJ¢~�£year¤́ Ù¦�|�öa§copy�{òN^Ta�copy�{§

Xd2.year = Year.copy(d.year)"

2. XJ¢~�£day¤Ø´Ù¦|�öa§¦^���D�§XÓd2.day =

d.day"

���~f3ã1.2¥�Ñ"

§S
7L�y3½Â|�öa�ØUu)Ì�Ú^§ÄKcopy¼êò�

\48ØU(å"�,§|�öa¥#é��±d���{Mïµ

Date someDate = new Date ( ) ;

Java�óJ«µJavaJø�«��é��Å�§ØI��Ñz�^D��

é§clone �{§�´¦ØUgÄ?n�Dateù«i@(�¶\E,��Ñ?n

ù«�¹��è"N¹A�Ñ
��copy1level¼ê���5�è"

��|�öa�¹����public¢~�"XJstatic '�i�Ñy3�

��²¥§T�Ø�?Û¢Sé��'§§¢�þ´���ÛCþ
"

~ 1.2 ;.|�öa

3ã1.2¥§�~1.1�aO\
copy ¼ê§¤±¦�k¤�|�öa�]

�"Ò�·�w��§copy�½Â´Å��§
�üN�"3�¡�~f¥ò�

Ñ¢y�[!"�
�\��§·��¹
�ÛCþdefaultCentury§
���

¹|�öa´Ø�¹�ÛCþ�"

o(§·�ME
â�|�öa§¦�@
�´{üò¢~�|�å5§�

¦�½Â����¼ê�a"

1.2.3 ÄuJava���è�½

�Ö¥��õê�{¦^
ÄuJava��´Ö���è§
Ø´î�

�Java"¦^
e¡��½£Ø
3N¹A¥�±	¤"

1. �Ñ
¬©�Î£"{" Ú"}"¤"¬>.^ ?�Ñ"
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c l a s s Date {

pub l i c Year year ;

pub l i c i n t month ;

pub l i c i n t day ;

pub l i c s t a t i c c l a s s Year {

pub l i c i n t number ;

pub l i c boolean i sLeap ;

pub l i c s t a t i c Year copy (Year y ) {

Year y2 = new Year ( ) ;

y2 . number = y . number ;

y2 . i sLeap = y . i sLeap ;

r e turn y2 ;

}

}

pub l i c s t a t i c Date copy (Date d) {

Date d2 = new Date ( ) ;

d2 . year = Year . copy (d . year ) ;

d2 . month = d . month ;

d2 . day = d . day ;

r e turn d2 ;

}

pub l i c s t a t i c i n t de fau l tCentury ;

}

Figure 1.2: �SÜ|�öaYear�|�öaDate
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2. �{£¼ê½L§¤�²¥�Ñ
static'�i"�©¥�²�¤k�{Ñ

´static£ó�¬kJavaSï��·��{¶AO´s.length()^5¼�i

ÎG��Ý"¤'�istatic ¬Ñy3I�¢~�ÚSÜa�/�"

3. 3N^�{£¼ê½L§¤c¡�Ñ
a¶i"~Xx=cons(z, x)§̂ ��

�Java�{I��¤x= IntList.cons(z, x)£IntLista32.3.2 !¥£ã¤"

ÃØ�o�ÿ·��{3Ù½Â�a�	N^Ñ7L\þa¶icM"

4. �Ñ�����'�ipublic!privateÚprotecte"ò¤k���Java§

S�'�©�Ñ�3��8¹e§��
?n��5�æ�"

5. ²~¦^¦^êÆ'X$�Î6= ≤ ≥5�O¦��'�i��"'X$�
Î^3¿Â²(�/�§'XString§=¦3Java¥´�{�"

6. Java�3�ÚJavaIOÜ©�'�iÑ±çNµint!String"5º^�

N"�è�éÚ§SCþiNØC"��è�é�iN�ØC"

�·�AO�Ñù´Java�ó�¬ó�lmù
�½"

1.3 êÆ�£

�Ö¥·�¦^�«êÆVg!óäÚEâ"�õê\ATÙG
§�U¬

k�Ü©´#�"�!���Þ¦�§�\Jø��ë�§�´��£�"�O

���y²31nÙ"

1.3.1 8Ü!�|Ú'X

�!Jø�
��ª�½ÂÚ8Ü!'XVg�Ä:A5"8Ü /́�æ0

ØÓ��§·��ò¦�����é�?n"Ï~§��kÓ��a.§k|u

·�ò¦�w���é��úk�A5"ÎÒe ∈ SÖ�/��e´8ÜS���

¤
0§½/eáuS05¿ùpeÚS ´ØÓ�aO"~X§XJe´���ê§S´

����ê��ØÓ��ê8Ü"

��¢S�8Ükü«½Â�ª§�Þ{Ú£ã{§ü«�ªÑ3�é�)

Ò¥"~Xe¡�ÎÒ

S1 = {a, b, c} S2 = {x|x´2��êg�} S3 = {1, · · · , n}

L�ª2Ö�/8Ü¥¤k��xÑ´2��êg�0"ÎÒ/|0Ö�/such that0§

k�ÿ�¦ /̂:0"�Ñ����é²w�§�±¦^�ÑÒ/· · ·0"
XJ��8ÜS1¤k���Ñ´,��8ÜS2���§Ò`8ÜS1�¹u

8ÜS2§S28Ü�¹8ÜS1"ÎÒ´S1 ⊆ S2ÚS2 ⊇ S1"�
L«S1´S2�f8


Ø�u§��S1 ⊂ S2ÚS2 ⊃ S1"«O∈Ú⊂´é­��"cöL«´���
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�§�öL«8Ü�m��¹"�8P�∅§L«vk����§¤±§´¤k8
Ü�f8"

8Üvk�½^S"Ïd§3c¡�~f¥§S1��±½Â¤{b, c, a}§S3�

�±½Â�{i|1 ≤ i ≤ n}§�±n)�i´���ê"

±A½^S|Ü��|��¡�S�"Ø
^S§8ÜÚS��,��é

­��ØÓ:´§S�����±­E"S��L«¤��U^S��L§3\

þ���)Ò"Ï
£a,b,c¤§£b,c,a¤ÚÚ£a,b,c,a¤́ ØÓ�S�"S�¥��

±¦^�ÑÒ§'X£1,· · · ,n¤"
XJ�3���ên§8ÜS���êþ�±Ú1,· · · ,n ��éA§K·�¡

T8Ü�k�8¶ù«�¹e��|S| = n"Ï~|S|L«8ÜS ���êþ§��

8Ü�Ä"XJ�3���ên§S�S���êþ�±Ú1,· · · ,n ��éA§K
·�¡TS�´k�S�"8ÜÚS�Ø´k�Ò´Ã��"XJk�S�¥

¤k���ÑØÓ§K¡TS�´dÓ����¤k�8Ü���ü�"ù2

�grN
8ÜÚS��ØÓ"��kn ����8Ükn!�ØÓ�ü�"

��kn����k�8kõ�ØÓ�f8QºP4�8Ú8Ü��"·�

k2n�f8"

Ù¥Ä�k �f8kõ�Qºk��;��ÎÒ5L«ù�þ:

(

n

k

)

§

Ö�/n¥Àk0§½´½ö�Û�/n �¥�gÀk |Ü�êþ0"�¦^Î

ÒC(n,k)§ù�þ¡���ªXê"

C(n, k) ≡
(

n

k

)

=
n(n− 1) · · · (n− k + 1)

k!
=

n!

(n− k)!k!
, n ≥ k ≥ 0 (1.1)

n
∑

k=0

(

n

k

)

= 2n (1.2)

�|Ú�È

�|´��kØÓaO���k�S�"~X3����²¡þ�:�±

L«���kSé£x,y¤"XJ´AÛ²¡§x Úy Ñ´�Ý"XJ´��¯K

��Ú$1�m�­�ã§Ky �U´¦§x �U´���ê"á�|kA½�

¶ié!n�|!o�|��£=©¥kpair!triple!quadruple �c¤"3�|

�þe©p§ù
c£�þ¡@
c§È¤Ç�k¿Â�©²(
¤´kS�§

3Ù¦þe©¥/é0�UL«/ü����8Ü0
Ø /́ü����S�0"

��k-�|´kk �����|"

ü�8ÜS ÚT ��È§́ ��é�8Ü§T8Ü¥é�1�����½5

gS§1�����½5gT"·�ò�È�¤µ

S × T = {(x, y)|x ∈ S, y ∈ T } (1.3)
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Ïd|S ×T | = |S||T |"ü�8ÜSÚTÏ~´���§�ùØ����±"·��

±½Â�ÈS�§Ò�±�)����|"~X§S× T ×U§ò����dn�

||¤�8Ü§n�|���©O5gS!TÚU"

'XÚ¼ê

'X´�È���{üf8"ù�f8�±´k���±´Ã��§�±

´�8��±´�È��"�­��'X´��'X§§´{ü�È�f8"N

õ��'X�~fÑ´·��~ÙG�§~X¢ê�/�u0'X"±RL«¢

ê§/�u0'X�±½Â¤{(x, y)|x ∈ R, Y ∈ R, x < y}"Ò�·�w��§§
´R×R�f8",��~f§PL«¤k�<§P × PL«¤k��é<"·�

�±½Â/If'X0£x,y¤§½´"��'X"§¦�Ñ´P × P���f8"

¦+Nõ��'X�ü���Ñk�Ó�a.§�ùØ´7L�"{(x, y)|x ∈
S, Y ∈ T } �´��'X"£�·�@k�ãL�~f§Ò´��§S5�Ú
§S$1�m�'X",��~f§·�òF½Â�¤k�å<§/1f'X0Ò

´F × P�f8"

¦+'X�±´?¿f8§�´ü���Ñ5g��8Ü�'XR§kNõ

-·�a,��A5"Ï�IO�'X´��¥mÎÒ£'Xx<y¤§ÎÒxRy~

^uL«(x, y) ∈ R"

½Â 1.2 'X�­�á5

-R ⊆ S × S §e¡´�
A5±9A5�^�"

g�5 éu¤kx ∈ S§k(x, x) ∈ R

é¡5 (x, y) ∈ R§K(y, x) ∈ R

�é¡5 (x, y) ∈ R§K(y, x) 6∈ R

D45 (x, y) ∈ R�(y, z) ∈ R§K(x, z) ∈ R

XJ��'X´g�!é¡ Ú�D4�§K¡'X��d'X§P�≡ "

5¿§/�u0'X´D4Ú�é¡�§
/�u½�u0´D4Úg��§

�Ø�é¡£Ï�x ≤ x¤"

�d'X3éõ¯Kp¡Ñ´­��§Ï�ù��'Xy©.�8ÜS¶�

Ò´`§§ò8ÜSy©¤�|Ø��f8£���da¤S1, S2, · · ·§S1¥¤k�

��ÑÑ�du8Ü¥�Ù¦��§S2¥¤k����Ñ�duÙ¦����"

~X§XJS´�K�ê�8Ü§R½Â�{(x, y)|x ∈ S, Y ∈ S, (x− y)mod3 = 0}
§KR�duS"Ï�£x-x¤�±�3�Ø§XJ£x-y¤�±�3�Ø§£y-x¤��

±§��£x-y¤Ú£y-x¤�±�3�Ø�{§£x-z¤��±"¤±R÷v�d'X

�^�"RXÛy©SQº�±©�3|§UØ±3�{ê©"¤kØ±3{ê��

/��Ñ�d"

Q,��'X´��|�8Ü§²~ò¦�¤�Üü��L§z�1´��

��|"¼ê´��'X§ù�'X1��¥���Ø¬3'X¥Ñy"
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Nõ�9��'X�¯KÑ�±=�¤��ãþ�¯K"ã¯K�¤��

aék]Ô5��{¯K"~X§3��kéõ�p'é��?Ö��ó§p

¡§·�kéõ/X/?Öx7L3?Öy�¤±�â�±m©0�^�"k�½

�<5�¤?Ö§XÛSü53�á�mS�¤º3�¡�Ù!¥·�ò��é

õù��¯K"

1.3.2 �êÚ�È©óä

�!Jø'uéê!VÇ!ü�!¦Úúª!ê�?ê£3ùp§?ê�ê

��Ú¤�½ÂÚ�
Ä�A5"·�ò�1nÙ¥�4í�§0�êÆóä"

\�±3�Ù�¡�5¿Úë�é�ùpvk�úª"

FloorÚCeiling¼ê

éu¢êx§⌊x⌋£x�floor¤́ �u½�ux����ê"⌈x⌉x �ceiling¤́

�u½�ux����ê"~X⌊2.9⌋ = 2§⌈6.1⌉ = 7"

éê

éê¼ê§Ï~±2�.§́ �Ö¥²~^��êÆóä"¦+3g,�Æ

¥éêØo´¦^§¦�3O�Å�Æ¥é61"

½Â 1.3 éê¼êÚéê.

éub > 1§x > 0§logb x£Ö�±b�.x.éê¤́ ��¢êL§÷vbL = x"

e�éê�á5�±léê�½Â{ü���"

Ún 1.1 -xÚy´?��K¢ê§-a´?�¢ê§-b > 1§c > 1�¢ê"

1. logb´üN4O¼ê§Ò´`§XJx > y§Klogb x > logb y

2. logb´����éA¼ê§=XJlogb x = logb y§Kx = y"

3. logb 1 = 0

4. logb ba = a

5. logb(xy) = logb x + logb y

6. logb(x
a) = a logb x

7. xlogb y = ylogbx

8. logb x = (logb x)/(logb c)
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Q,±2�.�éê3O�E,5¥^��õ§AO�§�½��P

Ò/lg0§lg x = log2 x"g,éê£±e�.¤L«�/ln0¶Ò´`§lnx = loge x

"�log(x)ØI5.�§¿�Xéu.�?Ûê��¹Ñ·^"

k�éê¼êgC?1EÜ"ÎÒlg lg(x)L«Xlg(lg(x))"ÎÒlg(p)(x)L«

EÜpg§¤±lg(2)(x)�Óulg lg(x)"5¿§lg(3)(65536) = 2
Ø´(lg(65536))3 =

4096"

0B�©¥·�o´é���ê¦éê§
Ø´?¿��ê§
�·

�²~^���ê���éê�Cq�"-n´���êê"XJn´2��§

4n = 2k §éuk
�êk§Kklg n = k "XJnØ´2��§Kk���êk¦

�2k < n < 2k+1 "3ù«�¹e§⌊lg n⌋ = k�⌈lg n⌉ = k + 1 "L�ª⌊lg n⌋
Ú⌈lg n⌉ ò²~¦^"\7L�ye¡�Ø�ªµ

n ≤ 2⌈lg n⌉ ≤ 2n
n

2
< 2⌊lg n⌋ ≤ n

��§ùpk�
k^�(Øµlg e ≈ 1.443§lg 10 ≈ 3.32"ln(x)��ê

´1/x"¦^Ún�1l^§lg(x)��ê´lg(e)/x"

ü�

n�ØÓé����ü�´�¹z��é��S�"-S = {s1, s2, · · · , sn}"
5¿S���±¦��¢ÚüS¶Ò´`s1´1����§s2 ´1�����

�"S���ü�´l8Ü{1, 2, · · · , n}�gC�����éA¼êπ"·�òπw

�ÏLò1i���si £Ä�π(i)� �§­#ü�S��"·��±ÏL�Ñ§

��5{ü�£ãπ§(π(1), π(2), · · · , π(n)"~X§éun=5§� £̧4§3§1§5§2¤

´±ü�S3, S5, S2, S1, S4ü�S���"

N�ØÓé��ü�oê´n!"1�����±£Ä�n� �¥�?¿�

�§1��kn-1«ÀJ· · ·§oê´n× (n− 1)× (n− 2)× · · · × 2× 1 = n!"

VÇ

b�3�½�G¹e§��¯�§½Á�k��½k�(J§s1, s2, s3, · · · , sk"

ù
(J�Ä�¯�"¤kÄ�¯��8Ü�¯��m£universe¤±UIP"é

z��si·�'é��¢êPr(si)§�si�VÇ§kXe5�µ

0 ≤ Pr(si) ≤ 1,ùp1 ≤ i ≤ k;

Pr(s1) + Pr(s2) + · · ·+ Pr(sk) = 1

ég,�§-Pr(si�siÑy�gêÚoÁ�gê�'�"5¿§ùp�½Âvk

�¦s1 �½éA�´y¢­.¥�¯Ô"¯�s1, s2, s3, · · · , sk�¡��pÕá

¯�§Ï��õ�k��¯�¬u)"
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²~¦^�Ð«VÇ¹Â�~fk§ÝM1!Ý�f±93
À�ý���

«¯�"¯¢þ�m©VÇnØÒ´l{IêÆ[Blaise Pascal éÙÆiZ�

ïÄm©�"XJ/Á�0́ Ý���M1§KM1�UÑy/�¡0�þÚ/�

¡0�þ"·�-s1=/�¡0§s2=/�¡0¿b½Pr(s1) = 1/2§Pr(s2) = 1/2

"£Ï�M1Ø�U±>á3/þ§·��±-s3 =/>0"�´=¦?1Ã¡

gÁ�§u)VÇ�0�¯��Ø�)K�§¤±Ä�þØ½Âù��Ä�¯

�"¤XJÝ�8¡�f§Kk8«�U�(Jµ1 ≤ i ≤ 6§si=/�f±êii�

þ0§Pr(si) = 1/6 "���¹e§XJkk«�U�(J§z�(Ju)�VÇ

Ñ��§Kéuz��i-Pr(si) = k "Ï~vknd@�¤k(J�VÇ¶Ì�

´3~f«�ù��b�§½3�vkêâ�Ñ�Ð��ä�c��VÇb�"

XJÁ��¹Nõé�§KÄ�¯�7Lé¤k*ÿ��¯�Oê"~X§

XJkü��f§AÚB�åÝ�§K¯�/A±êi1�þ0ÒØ´Ä�¯�§

Ï�B �±kõ�(J"ù«�¹e§Ä�¯�7L´sij=/A±êii �þ§

�B±êij�þ01 ≤ i, j ≤ 6§·�{��/AÑyi§�BÑyj0"d�k36 �

Ä�¯�§z�Ä�¯�u)�VÇ´1/36"

·�²~I��ÄA�A½(Ju)�VÇ§½´kA½á5�(Ju)

�VÇ"-S´Ä�¯�{s1, s2, s3, · · · , sk}���f8§KS�¯�§�Pr(S) =
∑

si∈S Pr(si)"~X§b�Ý���f§½Â¯�S´"Ñy�±�3�Ø�êi""

KS�VÇ´Pr(S) = Pr(s3, s6) = Pr(s3) + Pr(s6) = 1
3§Ä�¯��´¯�"

ü�AÏ�¯�´7,¯�§U = {s1, s2, s3, · · · , sk} §§�VÇ´1§Ú

Ø�U¯�Φ§§�VÇ´0"£Φ�L«�8"¤éu¤k�¯�S§k��Ö¯

�/�S0§d¤kØ2S¥�¯�|¤§=U-S"w,Pr(notS) = 1− Pr(S)"

¯��±ÏLÓ|�Ù¦¦^Ü6ëc/�0Ú/½05½Â"¯�/S1

ÚS20́ (S1

⋂

S2) §S1ÚS2��8"̄ �/S1½S20́ (S1

⋃

S2)§́ S1ÚS2�¿

8"

·�²~I�©Û©Û�
���VÇ§��´ÄuÁ���£(½�"ù

�^�VÇ"

½Â 1.4 ^�VÇ

�Ñ¯�T��¹e¯�S^�VÇ½Â�

Pr(S|T ) =
Pr(SandT )

Pr(T )
=

∑

si∈S
⋂

T Pr(si)
∑

si∈T Pr(sj)
(1.4)

ùpsiÚsj�)Ä�¯�"

~ 1.3 ü��f�^�VÇ

b�3Á�¥Ý�ü��f§AÚB"·�½Â3�¯�µ

S1µ/A´10

S2µ/B´60

S3µ/AÚBêi�Ú�u�u40
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�
��^�VÇ�Vg§4·��Ä¤kÄ�¯�Ñ�VÇ�{ü�¹"

éu·��~f§36�Ä�¯� /́A´i§�B´j0§1 ≤ i, j ≤ 6 "K^�V

ÇPr(S1|S3) �±)º¤ù���¯K§/S3¥¤k�Ä�¯�§�3S1¥�'

~º0

4·��Ñ¤k3S3¥Ä�¯�µ

/A´1§�B´10§/A´2§�B´10§

/A´1§�B´20§/A´2§�B´20§

/A´1§�B´30§/A´3§�B´10"

¯�S1d6�Ä�¯�|¤§=A´1§
B´¤k�U�6�êi"n�S3

¥�Ä�¯��3S1¥§¤±¯K��Y´3/6§1/2"�â�ª1.4�±O�Ñ

�ÑS3�S1u)�VÇ

Pr(S1|S3) =
3/36

6/36
= 1/2

5¿§�ÑS3�S2u)�VÇ´0§=Pr(S2|S3) = 0"

���¹§�ÑA½¯�SO�^�VÇ�L§´±Ó��Ïf��¤kÄ

�¯�§u´VÇÚ­#N!�1"2�¦�Ïf´1/Pr(S)"

¯��^�VÇ�U'¯���^�VÇ��½´�"3~1.3 ¥S1��^

�VÇ´1/6§3�ÑS3��¹e^�VÇ´1/2",��¡§/A�êiU�3�

Ø0��^�VÇ´1/3"�´3~1.3¥§·�w��ÑS3 ��¹e/A�êi

U�3�Ø0�^�VÇ´1/6"

½Â 1.5 �pÕá

�Ñü�¯�SÚT§XJ

Pr(SandT ) = Pr(S)Pr(T )

KSÚT´�pÕá¯�§½ö{¡�pÕá"

XJSÚT´�pÕá¯�§KPr(S|T ) = Pr(S)£ë�öS1.8¤"Ò´`§

¯�T�u)Ø±?Û�ªK�¯�Su)�VÇ"�Õáá5�3�§�~k

^§Ï�§¦��±©m©Ûü�ØÓ¯��VÇ"�´§��Ø�b�
Õá

á5�§ò�)Nõ�Ø�©Û(J"

~ 1.4 �pÕá¯�

UY·�3~1.3¥�¯�½Â§¯�S1ÚS2´�pÕá�§Ï�z��

�VÇÑ´1/6§
�£S1 and S2¤|¤��Ä�¯�§§�VÇ´1/36"5

¿§Pr(S1|S2) = (1/36)(6/36) = 1/6 = Pr(S1) "

2�©µIn general, the procedure for calculating conditional probabilities given some spec-

ified event S is to eliminate all the elementary events by the same factor so that the rescale

the probabilities sum to 1.
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l~1.3�?Ø§·��±wÑS1 ÚS3Ø´�pÕá¯�§S2ÚS3�Ø´�

pÕá�"

�ÅCþÚ¦��Ï"�3�9VÇ�Nõ�¹eÑ´é­��"���

ÅCþ´���¯�´Äu)�'�¢ê¼ê¶Ò´`§¦´���¯�½Â�

¼ê"~X§XJ���{1ö��ê8­6uÑ\§z���U�Ñ\Ñ´�

�¯�§
ö��ê8´�ÅCþ"

½Â 1.6 Ï"Ú^�Ï"

-f(e)´½Â3�@Ä�¯�e ∈ U þ���ÅCþ"f�Ï"§IP

�E(f§½Â�

E(f) =
∑

e∈U

f(e)Pr(e)

ù~�¡�f�²þ�"�Ñ¯�S�f�^�Ï"IP�E(f |S)§½Â�

E(f |S) =
∑

e∈U

f(e)Pr(e|S) =
∑

e∈S

f(S)Pr(e|S)

Ï
?ÛØ2S¥�¯��^�VÇ´0"

Ï"~~'�ÅCþ��N´?n§AO´��9A��péX��ÅC

þ�"�Ñe¡��^­�5K§§�±l½Âþ{ü���y²"

Ún 1.2 £Ï"{K¤éu½Â3�@¯�e ∈ Uþ��ÅCþf(e)Úg(e)§±

9?¿¯�Sµ

E(f + g) = E(f) + E(g)

E(f) = Pr(S)E(f |S) + Pr(notS)E(f |notS)

~ 1.5 ^�VÇÚ^S

31oÙ·�òrÏL'����^S&EÚVÇëå5�Ä"4·�w

��ù«a.�~f§ù�~f�94���A!B!C!D§Ñ´pØ�Ó�ê

�§�´m©·�Ø��¦��Ú'X�?Û&E"·�ò±i1�^S5IP

Ä�¯�§Ä�¯�´¦��'X^S¶Ò´`CBDAL«C<B<D<A"k24«

�U�(Jµ

ABCD ACBD CABD ACDB CADB CDAB

ABDC ADBC DABC ADCB DACB DCAB

BACD BCAD CBAD BCDA CBDA CDBA

BACD BDAC DBAC BDCA DBCA DCBA

·�lb�¤kÑ\(JÑ´�VÇm©§Kz�¯��VÇÑ´1/24"A<B�

VÇ´õ�º�é{`§òA<B½Â�¯�§ÙVÇ´õ�"³�ú§·�F"

§´1/2§�±ÏLÚOAÑy3B�c�(Jêþ5�y"Ó��§éuz�é

��§ÙVÇ��´1/2§~X§¯�B<D�VÇ´1/2"
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y3b�§S'�AÚB§uyA<B"ùéVÇ�K�XÛº�
¦ù�¯

K�î�§·�ò§Lã¤/3¯�A<Be�^�VÇ´õ�º0"ÏLu�·

�w�|¤A<B�Ä�¯�Ñ3L�cü1"Ïd3�Ñ^�A<B��¹e§

Ä�¯��^�VÇ´�5�ü�§2/24=1/12§�3�ÑA<B��¹e§�ü

1�Ä�¯��^�VÇ´0"

£�kc�'�§̄ �B<D�VÇ´1/2"·�vk'�BÚD"�ÑA<B�

�¹eB<D�^�VÇ´Ä�´1/2º�
£�ù�¯K§·�u�3cü1

¥B3Dc¡�(JkA�"̄ ¢þ§�ko�"¤±Pr(B<D|A<B)=1/3"

y3�Ä¯�C<D"¦�^�VÇ´Ø´�Ø´1/2º2�gu�L�

cü1§·�u��CÑy3D�c�k6g§¤±Pr(C<D|A<B)=1/2"Ïd

¯�A<BÚC<D´�pÕá�"ù�´·�Ï"�µAÚB�'é^S/Ø

é0CÚD�^S�)?ÛK�"

��§b�§S�
,��'�§uyD<C£®²uy
A<B¤"4·

�u�3Ó��Ñùü�¯��¹e�^�VÇ£Ò´`�ÑüÕ��¯

�"A<B�D<C"¤"ÏLu�·�w�¯�/A<B�D<C"0L1�1���|

¤"�
¦�^�VÇ�Ú�1§¤kÄ�¯�Ñ7Lk1/6�^�VÇ"§SØ

'�A½B�Ø'�C½D"ù´Ä¿�X¯�A<C!A<D!B<CÚB<D�^�

VÇØCÑ´1/2º�Y3öS1.10�Ñ"

~ 1.6 _Sê�Ï"ê�

�Ä�~1.5@��VÇ�m"4·�½Â�ÅCþI(e)��|��¥

'é^S�¦��i1^S���i1��ê"ù���(J�_Sê"~

X§I(ABCD) = 0§I(ABDC) = 1Ï�D<C�C�i1^S�uD§I(DCBA) =

6��"ÏLu�·�w�E(I) = 3"y3�ÄE(I|A < B)ÚE(I|B < A)"Ï

L��Oê·�uy¦�©O´2.5Ú3.5"Q,Pr(A<B)=Pr(B<A)=1/2"Ú

n1.2w�·�E(I) = 1/2(2.5 + 3.5)§ù´ý·K"

o(§̂ �VÇ�N
3·���Ü©�£��¹e�Ø(½5"¦��

O�Ú½´µ��(@3�c�¹eØ�U3�Ä�¯�5O�§,�N��e

�Ä�¯��VÇ¦¦��Ú�1"��Ñ¯��pÕá�?Û¯�§ÙVÇÑ

Ø¬duù�O�
UC"�pÕá¯�²~�9�pÖK��é�£'X§õ

gÝM1§õgÝ�f¤"

?ê�¦Ú

3©Û�{��ÿ§kA�¦Úúª²~^�"3��!Úe��!¥�

Ñ¦�§3ùp{ü�£ã¦�kÏ\P4¦�§5¿ù�â�µ?êÒ´��

ê��Ú"
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�â?êµëY�ê�Ú"

n
∑

i=1

i =
n(n + 1)

2
(1.5)

XÛP4§µ�Ñ1�n��ê"Ä�üü�\§1+n§2+n-1§3+n-2��"z�

éÑ´n+1§�kn/2é"£XJn ´Ûê§¥%���P�/�é0¤ù�E|Ø

=�u1�n"

õ�ª?êµÄk·��Äe¡²�Ú"

n
∑

i=1

i2 =
2n3 + 3n2 + n

6
(1.6)

�±ÏL8B{y²�"'�´�P41��´n3/3"©¥Ø^�ª1.6§�´

\�U3�
öSI�^�"����´

n
∑

i=1

ik =
1

k
nk+1 (1.7)

ù´��Ün�Cq§ò3�¡�Ù!?Ø"£éu�½�k�±ÏL8B{y

²"¤c['�ù�Úe¡�/AÛ?ê0"

2��µù´�~��AÛ?ê"

k
∑

i=0

2i = 2k+1 − 1 (1.8)

XÛP4§µrz���¤�?�ê�� ¶K

k
∑

i=0

2i = 111 · · ·1

�kk+1 "XJ�ù�ê\1K´100 · · ·0 = 2k+1"£(J��±ÏLe¡�A

Û?ê¦Úúª��"¤

AÛ?êµ
k
∑

i=0

ari = a

(

rk+1 − 1

r − 1

)

(1.9)

�
�y§§Czm>"���«AÏ�¹§-r=1/2§·���µ

k
∑

i=0

1

2i
= 2− 1

2k
(1.10)

��AÛ?ê�A�´��~ê.ÚCþ�"õ�ª?ê´��Cþ.§~ê

�"üö�1��Éé�"

NÚ?êµ
n
∑

i=1

1

i
≈ ln(n) + γ,whereγ ≈ 0.577 (1.11)
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Ú�NÚê"~êγ�î.~þ"ë�öS1.7"

�â¨AÛ?êµ3e��Ú¥§iò´���â?ê§
2i K´��AÛ

?ê§Ïd�¶"
k
∑

i=1

i2i = (k − 1)2k+1 + 2 (1.12)

§�í�´��/Ü©¦Ú0�~f§§Ú/Ü©�ê¦Ú0aq"òÚ­#S

ü¤ü�ØÓ�Ü©§��¥mÜ©§�3c�ü�"

k
∑

i=1

i2i =

n
∑

i=1

i(2i+1 − 2i)

=

k
∑

i=1

i2i+1 −
k−1
∑

i=0

(i + i)2i+1

=

k
∑

i=1

i2i+1 −
k−1
∑

i=0

i2i+1 −
k−1
∑

i=0

2i+1

= k2k+1 − 0− (2k+1 − 2) = (k − 1)2k+1 + 2

Fibonacciê�µFibonacci ê�±48�ª½Âµ

Fn = Fn−1 + Fn−2, n ≥ 2

F0 = 0, F1 = 1
(1.13)

¦+ùØ´��Ú§�´ù�3�{©Û�²~Ñy"

üN4O¼êÚà¼ê

k��~ÊÏ�á5Òv±4·��Ñ'u¼ê1��k^�(Ø"ù�

�ü�á5´üN4OÚà"0B��éüN4OÚà�?Ø§·�b½Ñ3

«ma ≤ x < ∞§Ù¥a��´0§��9log��1"¤k:Ñ3ù�«m�S§f

½Â�3ù�«mþ"��±´¢ê��±´�ê"

½Â 1.7 üN¼êÚ�üN¼ê

��¼êf(x)§XJéu?¿x ≤ y Ñkf(x) ≤ f(y) §K`¼êf´üN4

O½�4~�"XJ¼ê-f(x)´üN4O�§K¼êf(x)´üN4~§½�4O

�"

�ÙG�üN4O¼ê´x§x2(x ≥ 0)§log(x)(x > 0)Úex "Ø�ÙG�ü

N¼ê´⌊x⌋Ú⌈x⌉ §ù�w«ÑüN4O¼êØ�½´ëY�"��üN4~
¼ê�~f1/x, x > 0"

½Â 1.8 �5��¼ê
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u v

f(x)

(a) �5��

u v

f ∗ (x)

(b) òf(n)*Ð�f∗(n)

Figure 1.3: à¼ê�?Øµ£a¤Ú£b¤¥�¼êf´ØÓ�"3£b¤¥§f∗(x) à

¼ê"

�½¼êf(x)§§ü:uÚv�mm��5��½Â�Xe¼êµ

Lf,u,v(x) =
(v − x)f(u) + (x − u)f(v)

v − u

= f(u) + (x− u)
f(v)− f(u)

v − u

= f(v)− (v − x)
f(v) − f(u)

v − u

(1.14)

´3f(u)Úf(v)�m���£ë�ã1.3a¤"

½Â 1.9 à¼ê

��¼êf(x)XJ´à�§Kéu¤k�u < v§«m£u,v¤¥¤k�f(x) ≤
Lf,u,v(x) "��ª�§XJ¼êf(x)lØ�e�§K§´à�"

Ï
�x§x2§1/x§exù��¼ê´à�"ã1.3b¥�¼ê´à�£�Ø´

üN�¤§Ø+§´3¢êþ�´3�êþ¶ã1.3a¥�¼ê´üN�§�Ø´

à�"log(x)Ú
√

x�Ø´à�"@ox log(x)Qºe¡�ÚnmuÑ
�«ÿÁ

à¼ê�¢^�{"{ü�w£�±y²�¤ØëY£discontinuous¤¼êØU

´à�"Ún1.30�
�«�I'�A��m:ÒU�äà�{ü�{"y²

3öS1.16¥"

Ún 1.3

1. -f(x)´��½Â3¢êþ�ëY¼ê"K��=�éu?¿ü:x!yÑ

kf(1
2 (x + y)) ≤ 1

2 (f(x) + f(y))�§f(x)´à�"�é{`§f3x!y�m¤

k�:Ñ'f3x!y�m��5��¼ê¥m:��"5¿§f3x!y�m�

�5��¼ê¥m:�´f(x)Úf(y)�²þ�"
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2. ¼êf(n)´½Â3�êþ§��=�éu?¿n!n+1!n+2Ñkf(n + 1) ≤
1
2 (f(n)+f(n+2))�f(n)´à�"Ò´`f(n+1)�u�uf(n)Úf(n+2)�

²þ�"

Ún1.3o(
üNÚà�Nõk^�5�"�`²
ò=½Â3¢êþ�

¼êÏL�5��*Ð�¢êþ§
��3
üNÚà�5�"�`²
�


�9��ê�5�"y²3öS1.17�1.19"

Ún 1.4

1. f(n)=½Â3�êþ"-f∗(x)´fÏL�5��*Ð�¢êþ�¼ê£�

ã1.3b¤"

(a) f(n)´üN��=�f∗(x)´üN�"

(b) f(n)´à���=�f∗(x)´à�"

2. XJf(x)����ê�3��K§Kf(x)´üN�"

3. XJf(x)����ê�3�üN§Kf(x)´à�"

4. XJf(x)����ê�3��K§Kf(x)´à�"£l2§3��¤"

|^È©¦Ú

Nõ¦Úúª3�{©Û�²~^�§�±^È©5Cq£þ.Úe.¤¦

�"Äk4·�£��
k^�È©úªµ

∫ k

0

xkdx =
1

k + 1
nk+1

∫ k

0

eaxdx =
1

a
(ean − 1)

∫ k

0

xk ln(x)dx =
1

k + 1
nk+1 ln(n)− 1

(k + 1)2
nk+1

(1.15)

XJf(x)´üN4O§K

∫ b

a−1

f(x)dx ≤
b
∑

i=a

f(i) ≤
∫ b+1

a

f(x)dx (1.16)

Ó��§XJf(x)´üN4~§K

∫ b+1

a

f(x)dx ≤
b
∑

i=a

f(i) ≤
∫ b

a−1

f(x)dx (1.17)

ã1.4¥Ð«
ùü«�¹"�¡kü�¦^§�ü�~f"
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x

f(x)

2

4 f(x) = lg x

b
∑

i=a

f(i) ≤
∫ b+1

a f(x)dx

(a) Over approximation

x

f(x)

2

4 f(x) = lg x

∫ b

a−1 f(x)dx ≤
b
∑

i=a

f(i)

(b) Under approximation

Figure 1.4: üN4O¼ê�ÚCq

~ 1.7 �O
∑n

i=1
1
i

n
∑

i=1

1

i
≤ 1 +

∫ n

1

dx

x
= 1 + ln(x)|n1 = 1 + lnn− ln 1 = ln(n) + 1

¦^�ª1.17��"5¿·�©m
Ú�1��§é�e�Ü©?1
�©C

q";�
È©e��Ø0$�"aq�

n
∑

i=1

1

i
≥ ln(n + 1)

ë��ª1.11�����C�Cq"

~ 1.8
∑n

i=1 lg i �e.

n
∑

i=1

lg i = 0 +

n
∑

i=2

lg i ≥
∫ n

1

lg xdx

¦^�ª1.16£ë�ã1.4b¤"

∫ n

1

lg xdx =

∫ n

1

(lg e) lnxdx = (lg e)

∫ n

1

ln xdx

= (lg e)(x ln x− x)|n1 = (lg e)(n lnn− n + 1)

= n lg n− n lg e + lg e ≥ n lg n− n lg e
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Q,lg e < 1.443

n
∑

i=1

lg i ≥ n lg n− 1.443n (1.18)

¦^c¡~f�g�§�´¦^�°(�êÆ�{§Ò�±í�ÑStirling’s

formula�Ñ�n!�>.µ

(n

e

)n√
2πn < n! <

(n

e

)n√
2πn(1 +

1

11n
) n ≥ 1 (1.19)

Ø�ª$�

e�ë�Ø�ª�5K²~^�"

D45 XJA ≤ B�B ≤ C KA ≤ C

\{ XJA ≤ B�C ≤ D KA + C ≤ B + D

�ê � XJA ≤ B�α > 0 KαA ≤ αB

(1.20)

1.3.3 Ü6��

Ü6´��/ªzg,�ó�é�XÚ§¦¦�·��±�°(�ín¯

K"�{ü�·K��fúª"�E,�·K�±¦^Ü6ëc5|¤"�fú

ª ~X/4<30§/4.2´���ê0§/x+1>x0"5¿��Ü6·KØ�½´ý"

���(�y²âUw«��·K´ý"

�~^�Ü6ëc´∧£�¤§∨£½¤Ú¬£�¤§���Ù�$�Î"E,·
K�ý�§ÏLëc�5Kl�f·K¥íÑ"-A ÚB ´Ü6·K§K

1. A ∨B�ý§��=�AÚBÑ�ý�"

2. A ∧B�ý§��=�AÚBÙ¥���ý§½Ñ�ý�"

3. ¬A§��=�A�b�"

,��­��ínëc�/í�Ñ£implies¤0§·�^ÎÒ/⇒05L«§"£�
k� /̂→0"¤·KA⇒ BÖ�/Aí�ÑB0§½ /́XJAKB0"£5¿ù�·

Kvk/else0fé"¤/í�Ñ0$�Î�±L«¤Ù¦$�Î�|Ü§�Äe¡

��dµ

A⇒ B3Ü6þ�du¬A ∨B (1.21)

ù�±ÏLý�L5u�"

��~^��dC��DeMorgan{Kµ

¬(A ∧B)3Ü6þ�du¬A ∨ ¬B (1.22)

¬(A ∨B)3Ü6þ�du¬A ∧ ¬B (1.23)
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þc

�k�«­��Ü6ëc§þc"ÎÒ∃x ��¡þc§Ö�/éu¤
kx0§
ÎÒ∀x ��3þc§Ö�/�3x0"ùü�þc�±·^u¤k�

¹Cþx �·K"·K∀xP (x)�ý§��=�éu¤kx§P£x¤Ñ�ý�"·

K∃xP (x)�ý§��=�kx¦�P£x¤�ý"�²~�§��ÊÏ�þc·K

´^�µ∀x(A(x) ⇒ B(x)"Ö�/éu¤kx§A£x¤¤á§KB£x¤�¤á"0

þc·KÑlC��DeMorgan{Kµ

∀xA(x)3Ü6þ�du¬∃x(¬A(x)) (1.24)

∃xA(x)3Ü6þ�du¬∀x(¬A(x)) (1.25)

k�òg,�ó=�¤þc·K´éæ��"<�`�{¿Øo´ékÜ

6"·�I�©�/for any x 0~~¿�X/for all x0§¦+/any0Ú/some0

3�~�ó¥´����3"�Ð���´§}Á­#±Ü6�ó�/ª�ã�

ég,�ó§,�¯gC´ÄÚg,�ókÓ��¹Â"~X§/?Û£any¤�

�¹<Ñ7L�á0§�±�ã�/é¤k<x§x�¹XÒ7L�á0§Ú/éu

k
<x§x �¹XÒ7L�á0"@��Ú�5�éf¿Â��º

Ä½þc·K!�~

y²����·K§̀ ∀x(A(x) ⇒ B(x)´��7�^�´�oº·��±

¦^c¡J���d^�5�²8I"Äk�@£�vk7�y²∀x(A(x) ⇒
¬B(x)"ù´��Luî��·K"Ä½�∀x(A(x) ⇒ B(x)´¬(∀x(A(x) ⇒
B(x)))§§��±?1�X�Ü6C�µ

¬(∀x(A(x) ⇒ B(x)))3Ü6þ�du∃x¬(A(x) ⇒ B(x))

3Ü6þ�du∃x¬(¬A(x) ∨B(x))

3Ü6þ�du∃x(A(x) ∧ ¬B(x))

(1.26)

�é{`XJ·��±é���x¦�A(x)�ý
B(x)�b§K·�Òy²


∀x(A(x) ⇒ B(x)) �b"�ù��x¡��~"

_Ä·K£contrapositives ¤

�Áãy²��·K�§²~òÙ=�¤Ü6þ��d/ª"Ù¥���

/ª��_Ä·K"A⇒ B�_Ä·K´(¬B)⇒ (¬A)"�ª1.21¦�·��±

�y���·K�ý�§�_Ä·K��ýµ

A⇒ B3Ü6þ�du(¬B)⇒ (¬A) (1.27)

k�§y²·K�_Ä·K§�/�y{0§� /́�y{0k�°(�£ã""�

y{"�î>½Â3e��!¥"
3È5µÇ�¥�kaq�¯K
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�y{

b½�y²�·K�/ªXA ⇒ B"î>��y{k���N\b�B�

b=¬B§2y²BgC"ù��y²��·KÒ´(A ∧ ¬B)⇒ B "e¡�ð�

ª�y
ù��{µ

A⇒ B3Ü6þ�du(A ∧ ¬B)⇒ B (1.28)

3�{©ÛpéJ��ý���y{"�´öS1.21��
��"�õê��y

{�¢Sþ´y²�_Ä·K"

ín5K

î8��·�w�
�þ�Ü6�d·K§½´Ü6ð�ªµ��·K´

ý§��=�1��·K�´ý"ð�ª /́�_�0"�´éõy²¦^�Ø

�_·K|Ü"�y²���·Kk/XJcJ§K(Ø0�/ª"�_�/X

J(Ø§KcJ0²~Ø´ý�"Ü6ð�ª3y²ÃX/XJcJ§K(Ø0�

·K�Ø
(¹"3ù«�¹e§·�I�ín5K"

��ín5K´��Ï^�#N·�l�@�½·K¥��#(Ø�

�ª"¦�±��ã�/XJ·���B1, · · · , Bk§·��±o(ÑC0"ù

pB1, · · · , BkÚCÑ´Ü6·K"ùpkA�ÙG�5Kµ

XJ·���BandB ⇒ CK·��±��(ØC (1.29)

XJ·���A⇒ BandB ⇒ CK·��±��(ØA⇒ C (1.30)

XJ·���B ⇒ Cand¬B ⇒ CK·��±��(ØC (1.31)

k
5KÏL¦��F1Ú.¶¶i�<¤��"�ª1.29´modus ponens, �

ª1.30´syllogism§�ª1.31´rule of cases"ù
5KØ´�pÕá�¶3ö

S1.21¥·��±y²rule of cases¦^
Ù¦5KÚÜ6ð�ª"

1.4 ©Û�{Ú¯K

·�©Û���{�8�´�U?§§XJ�U§�3)û��¯K­�.

À@���{Jø�â"·�¦^e¡�IO

1. �(5

2. ¤�ó��þ

3. ¦^�m�þ

4. {ü§�ß



1.4. ©Û�{Ú¯K 27

5. �`z

·�ò?Øz��IO�ºÝ§¿�ÑA^¦��A�~f"��Ä�{��

`5�§·�ò0�ïá¯K�$>.E,5�Eâ"

1.4.1 �(5

ïá�{�(5Ì�knÚ"1�§3?Ûû½���{´Ä�(�èã

�c§·�7Lé/�(0k���ß�Vg"·�I����ß�·K5£ã

Ï"k�Ñ\�A5£�c�^�¤§Ú?nz��Ñ\�(J£���^�¤"

3Ñ\cJ^�÷v§�{(å����^���(�{§·�}Áy²Ñ\Ñ

Ñ'X�·K"

�{kü��¡µ�)û�¯KÚ�¤¤I���-S�§�Ò´§�¢

y"ïá�{Ú£½¤úª��(5§�U�I�{ü���U´��G'u�

{�9�¡�£~Xã!ü�!Ý
¤ÚnÚ½n"~X§A^pd��{)X

Ú�5�§�k�5§�6u��æ�5�ê�½n"3�Ö��{¥¦^�

�{Ø´w,�(�¶¦�7L�½ny²"

��ïá
�{§·�^§S¢y¦"XJ���{á�§{'ék{a§

·����¦^��ª�¹Â5¦gC�&§Ù¦�Ñ\�¬�·�Ï"��

����(�(J"·��U¬c[�u��
[!£~XÌ�Oêì�Ð�

Úª�¤§±9^��{ü�~fÃóü��{"ù
ÑØUy²�{��(5§

�´��ª�{éu�
��§SÒv

"�\�ª�Eâ§'XÌ�ØC

ª£loop invariants¤§�U¬^5�yÜ©§S"3.3!*Ð
ù�{K"

�õê�3a	¡§S�~�
E,�"�
y²�§S��(5§·�

�±}Áò§S©)'����¬¶ù��{§XJ¤k���¬Ñ�~�ó

�§@o��§S´�(�¶�e�ó�Ò´�y²z����¬��(5"ù

����{Ú§S´±�¬/ª�¤�§
��¬�pÕá§�±©m�y§?

ÖÒ{üõ
£�°(�`{ /́�kù���ÿ§�y�(5â´�U�0¤"

ù´NõrF��{´(�z!�¬z��Ï��"�Ö¥��õê�{Ñ´

�¡ä|¤�§ù�·�ÒØ7?n(J�ã.�{�y²"

�Ö¥§·�Øo´�ª�y²§k�ÿ�ÑÌK§½´�{¥(J½E,

Ü©�)º"�(5´�±y²�§¦+éu�!E,�§S
óù´���ù

�?Ö"31nÙ·�ò0��
Eâ5�Ï?1y²"

1.4.2 ¤�ó��þ

XÛÝþ���{�ó�þºù�·�ÀJ�ÝþATU�Ï·�'�)

ûÓ��¯K�ü��{§ù�·�ÒUû½�.@���{�k�"XJ·

�'�ü��{�¢S�1�m5Ýþüö¤�ó��þòé{ü§�´ké

õ�Ï¦·�ØU^�1�m5��ó��Ýþ"Äk�,´§¦�¦^�O



28 CHAPTER 1. ©Û�{Ú¯Kµ�n�~f

�Å
Cz§
·�Ø���«O�Åmu�«nØ"·��±^§S�1�

�-ê½�é�êþ5�O�1�m"¦î­�6u¦^�§S�O�óÚ§

S
�?èº�"¦�I�·�s¤�mÚ°å�z���ïÄ��{?�N

Á§S"·����«ó�þ�Ýþ�ª§¦�±w�·��{¦^�{��

Ç
Ø�6O�Å!§S�O�óÚ§S
§��Ø�6uNõäN�¢y[

!§'XO\Ì�Oêì�m�!O�ê|¢Ú±9��êâ(����m�"

·��ó�þÝþ7Lv
�°(!v
�ÊÏ§��·��±muÑ�«�

±^�Nõ�{ÚA^§S�´L�nØ"

��{ü��{�UdNõÐ©z�EÚÌ�|¤"éuù����{5

`§Ì�N�1�gê´��ú²L«ó�þ�Ð�Ýþ�ª"�,§�gÌ�

S�ó�þÚÙ¦Ì�gê¥�UØ��§���{�Uk'Ù¦�{��Ì

�N§�´·���uûÐ�ó�þ�Ýþ"¦+k
Ì�k5Ú
k
´9Ú§

�Ì�gêã��§�gÌ��ÚêÒw�Ø­�
"ÏdÚO���{Ì�

�gê´��ÐÌ¿"

3Nõ�ÿ§�
©Û���{§·��±�lÑ�«)û¤ïÄ¯K�Ä

�ö�£½ö´�{�|¤a.¤§�ÑÐ©z!Ì���ÚÙ¦�	m�§=

=ÚO�{�1�ÀJ�Ä�ö��þ"éuNõ�{§z�gÌ��1�g

ù��ö�§¤±ù«Ýþ�c�ã£ã�'�aq"

ùp�~f´éuA�¯KÜnÄ�ö��ÀJµ

¯K ö�

3��ê|¥�éx '�xÚê|¥���

ü�¢êÝ
�¦ ü�¢ê�¦{£½ö´¦{Ú\{¤

ê|üS '�ê|�ü���

H{���ä£ë�2.3.3!¤ H{>

?�S�L§§�)48 L§N^

��À½
Ä�ö�§Ò�±oÑ��OÑ�1Ä�ö��ê8§·�k
��

Ýþ�{ó�þ�ÐIO§±9��'��{�ÐIO"ù´·�3�ÙÚÙ

¦Ù!¥¦^��{"\�U�´Ø@Óù´��Ð�ÀJ¶3e�!¥·�

ò�Ñ§Ün�,��~f"y3§·�{ü�{Ñù�*:"

Äk§k
�¹e§·��5ÒéÄ�ö�a,�µ�U´��s¤[B�

'�ö�§½ö�UÏ��
nØþ�,�"

Ùg§·�²~é�Ñ\�O��{¤�Ñ�mO��CzÇa,�"�

���oö�êþÚÄ�ö�êþoÑ�'~§Ün�O�Ò�±4·�é�

{éu�Ñ\�O�õÈq�����ß�Vg"

��§ù«ó�þ�Ýþ�
é��(¹5"¦+·�²~ÀJ��½�

õü�ö�§·��±�)�
m�ã��ö�§4à�§·��±ÀJA½O

�Å��@�-��Ä�ö�",�«4à�¹§·��±ò/�gÌ�0��

Ä�ö�"Ïd§ÏLõ��Ä�ö��ÀJ�{§·��±3©Û¥UC°(



1.4. ©Û�{Ú¯K 29

ÚÄ��§Ý5·A·��I�"

XJ·����¯KÀJ��Ä�ö�§,�uy�{��ö��oêØ

�Ä�ö��ê8¤'~§No�ºXJÄ�ö��m�é�No�º34à�

¹e§·��U���A½�¯KÀJ
�«Ä�ö�§,�·�uy)ûù�

¯K�k
�{¦^��ØÓ�ö�§
��Ø¦^·��ÚO�ö�"ù�·

�kü�ÀJ"·��±�ï'5A½�ö�§=�ÚOÌ��gê"½ö§X

J·�éÀJ�ö�AOa,�§·��±ò·��ïÄ���½3·^Tö

���a�{S"éu¦^�ÀJÄ�ö�ØÓEâ�Ù¦�{§AT�O�?

n"éu��¯K��a�{§²~ÏL�?n�êâ�Ä�ö�5½Â"£À

JÄ�ö��ª�§Ý´õ��¶�Ö¥²~¦^��ª�£ã"¤

3ù�!¥§·�²~¦^á�"�{¤�ó��Ýþ""¦�±^â�/�

��{�E,505�O"E,5¿�X�
õ�ó�§ÏL�
AÏ�E,5

Ýþ�ª5Ýþ§3·��õê�~f¥´^�A½Ä�ö��1�êþ"5

¿§ùpE,5��{kõE,õ5ÃÃ'¶���~E,��{�Uké$�

E,5"·�ò¦^â�/E,50§/ó�þ0Ú/¤�Ä�ö��êþ0§3�

Ö¥ùA�â�Ñ´�O��"

1.4.3 ²þÚ��©Û

y3·�k
©Û���{ó�þ����{§·�I��±{²Ð«©

Û(J�å»"ó�þØU^��{üê�5£ã§Ï�éuØÓ�Ñ\�1�

ÚêØ��"·�Äk*ÿ�ó�þ�6uÑ\þ���"~X§¦^Ó���

{§Ui1üS1000�¶iI��ö��½'Ui1üS100�¶i�õ"��

�12�12��5�§�½)2�2��5�§��ó��õ"Ùg§·�*	�§

=¦·�=�Ä���½�Ñ\5�§ö��1�ê8�´�U�6u\�.

Ñ\�´�o"XJ3ê|¥�k�ê¶iØU^S!3c¡�~f¥��{

Ò�I��é��ó�§�´XJê|�©·Ï§ÒØ�Ø�éõ�ó�"XJ

�õêXêÑ´0§)��12��5�§�ØI�éõó�"

1��*	�Ñ§·�I��«ÝþÑ\5��IO"À��Ün�Ñ\

5��ÝþÏ~´éN´�"ùpk�
~fµ

¯K Ñ\5�

3¶iê|¥�éx ê|¥¶i��ê

ü�Ý
¦{ Ý
��ê

H{��ä ä!:�êþ

)XÚ��5�§ �ª�êþ§½��ê�êþ§½öüö

��'uã�¯K ã!:�êþ§½>�êþ§½öüö

=¦Ñ\5��½§'Xn§ö��1�êþ�´�6u�.Ñ\
�o"@o

�.XÛL«�{©Û�(JQº·�²~^���¹E,55£ã�{�1

�"



30 CHAPTER 1. ©Û�{Ú¯Kµ�n�~f

½Â 1.10 ���¹E,5

-Dx ´¤�Ä¯K�5��n�Ñ\8Ü§I´Dx �����"-t(I)§´

éuÑ\I��1�Ä�ö��êþ"·�½Â¼êW

W (n) = maxt(I)|I ∈ Dn

¼êW (n)���{���E,5"W (n)´�{éu5��n�Ñ\¤��Ä�

ö����êþ"

Ï~O�W (n)´éE,�"1.5!0�
�«�°(O��©(J�~^�

Eâ"��E,5´ékd��§§�Ñ
�{¤�ó�þ�þ�"��©Û�

±^u�Ï�O���{A½¢y��m��"éu�Ö¥Ñy��õê�{§

·�Ñò?1��©Û"Ø
AO�Ñ§�·�`���{�ó�þ�§Ñ´�

���¹��ó�þ"

q��k^!�g,�£ã�{1���{´�Ñ¦�²þó�þ¶Ò´

`§O�5��n�¤kÑ\�Ä�ö��1�êþ§,��²þ"¢S¥�


Ñ\Ñy�ªÇ�puÙ¦Ñ\§¤±��²þ�k^"

½Â 1.11 ²þE,5

-Pr(I)´Ñ\IÑy�VÇ"K�{�²þ1�½Â�

A(n) =
∑

I∈Dn

Pr(I)t(I)

·�ÏL©Û�{5û½t(I)§�´Pr(I)ØUÏL©ÛO�"¼êPr(I) �

ûu²�±9äN¦^�{�A^§½ö�UÏL{ü�b�£~X§¤k�¹

�VÇ¤"XJPr(I) éE,§O�²þ1�òé(J"�,§XJ�6u¦^�

{�A^§¼êA£ã��{�²þ1�=éTA^·^"

e¡�~fÐ«
��Ú²þ©Û"

~ 1.9 3ÃSê|¥�é

¯Kµ-E´�¹n����ê|£'�i¤§E[0], E[1] · · ·E[n − 1]§Ù¥�

�´ÃS�"�é'�i�K���§XJK3ê|¥§�£¢ÚÒ¶XJKØ2

ê|¥�£-1"£ò31.6!¥ïÄ��´kS���¹"¤

üÑµ�gòê|����K'�§��é������§½ö��ê|�"

XJKØ2ê|¥�£¨1§ÄK�{�£¢ÚÒ"

k��aL§Úù�aq§·��ù
L§�ÊÏ�é~§"Ï~¦��

�E,L§�f§S"

½Â 1.12 ÊÏ�é~§

ÊÏ�é~§´��?nØ(½êþêâ�L§§���êâ?n�½´

��8I"e¡´�V��{µ



1.4. ©Û�{Ú¯K 31

i n t seqSearch ( i n t [ ] E, i n t n , i n t K) {

1 i n t ans , index ;

2 ans = −1;
3 f o r ( index = 0 ; index < n ; ++index ) {

4 i f (K == E[ index ] ) {

5 ans = index ;

6 break ;

}

}

7 return ans ;

}
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1. �O��wþ�ék�Ç��{A"©ÛA§é�3Ñ\5��n�§A3

���¹e�1Ä�ö��êþ�¼êWA(n)

2. é���¼êF§y²éu¤�Ä��a�{§3Ñ\5�´n�§�{�

���1F (n)ÚÄ�ö�"

XJ¼êWA(n)�F (n)��§K�{A´�`�£éu���¹¤"XJØ�§�

Uk�Ð��{½´k�Ð�.�"�Ä§©Û��A½�{)û��¯K�1

Ä�ö��þ�ê§±9312^¥ù���Ñ)û¯KÄ�ö�ê.�£��

�¹¤�nØ"3�Ö¥§·�éu@
�`�{®��¯K§±9@
3¤�

��$�Ú¤���Ð�{�mEk�å�¯K"e¡´ùüö{ü�~f"

3���¹e�{$��VgéuO�E,5´�©­��"~1.11

Ú1.6!ïÄ�¯K±914ÙÚ15Ùò�Ï\n)$��Vg§¿Ð«�
ï
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á$��Eâ"\7L;P/F´�a�{�$�0�½Â¿�Xáuù�a�

¤k�{§éu5��n�¤kÑ\§�{Ñ���1F(n)ÚÄ�ö�"

~ 1.11 �éê|¥�����

¯Kµ3n����ê|¥é������"£b�a.�float¶�,��

±´Ù¦a."¤

Ta�{µ�{�±'�Ü��a.�float�ê�§�´ØU�Ù¦ö�"

Ä�ö�µ'�ê|���ÚÙ¦floata.�êâ"�±´�;3Ù¦ê|

¥�½´�;Cþ¥"

þ�µb�ê|E¥�3�é��"e¡��{éÑ���"

�{ 1.3 �é���

Ñ\µE§ê|§¢ÚÒl0, · · ·n− 1;n ≥ 1§n´ê|���êþ"

ÑÑµ�£max§E¥�����"

i n t findMax (E, n)

{

max=E [ 0 ] ;

f o r ( index=1; index<n ; ++index )

{

i f (max<index )

max=E[ index ] ;

}

re tu rn max ;

}

3if(max<E[index])ù�é'�ê|���§�1
n-1g"Ïdn-1´�

��¹e¤�'�ö��þ��"k�{�±��íº

$�µ�
ïá$�§·�b½ê|¥���ÑØ�Ó"ù�b�´�1

�§Ï�XJ·��±�ù«Ñ\£ê|���ÑØÓ¤3���¹eïá$

�§§�´�Ä¤kÑ\�¹e��1�e�$�"

3n���ÑØÓ�ê|¥§n-1���Ø´���"·��±�Ñ(Ø§X

J����Ø´��§��=�§��'�����"Ï
§n-1���Ñ7L

3�{¥ÏL'�5çÀK"z�g'��K����§¤±����n-1g'

�"�Ò´`§XJ�{(å��kü�½õ�vk�çÀK����3§ÒØ

U�½§´Ø´��"ÏdF (n) = n− 1´��'�gê�.�"

(Øµ�{1.3´�`�§ù´~1.11�(Ø"

3ïá~1.11�$�¥·��UI��
��ØÓ�*:"XJ·��Ñ

���{Ún����ê|§u´�{ª�¿�3��un-1g'����Ñ


��(J§K·��±y²éu,
/ª�Ñ\�{�Ñ
�Ø�(J"XJ



36 CHAPTER 1. ©Û�{Ú¯Kµ�n�~f

Ø�õun-2g�'�§Ò¬kü���[�Ø¬�çÀK¶�Ò´`Ã{��

ùü���´Ä'Ù¦�"�{�±�½Ù¥?¿�������"·��±

{ü�ò,��O�¤��'���ê£XJ7L¤"Q,¤k'��(JÑÚ

c¡�aq§�{�ÑÚc¡�Ó�(J§§ò´�Ø�"

ù�*:´_Ä·K���yâ£ë�1.3.3!¤"·�y²/XJA3?Û

�¹eÑ��un-1g'�§KA´Ø�(�"0ÏL_Ä·K§·��±��(

Ø/XJA´�(�§KA3?Û�¹eÑ�����n-1g'�"0§Ð«
�

«éïá.��©k��Eâ§=§XJ�{Ø�v
�ó�§Ò�±é��«

Ñ\¦�{���Ø�(J"

~ 1.12 Ý
¦{

¯Kµ-A = (aij)§B = (bij)´ü�n× n¢êÝ
"O�Ý
C = AB¶

Ta�{µ�{�±�1¢ê�¦{§Ø{§\{Ú~{"

Ä�ö�µ¦{

þ�µ~^��{£ë�~1.10¤�n3 g¦{§Ïd�õI�n3"

$�µk©zy²��I�n2g¦{"

(Øµvk�{�âù
&E(½~^��{´Ø´�`�"NõÆö3

ãåUõ$�§y²��I�n2¦{§Ù¦��3Ïé�Ð��{"�d��§

~^��{Ø´�`�¶k�{�±��Cqn2 .376g¦{"ù��{´�`�

íº8c$��vk?�ÚJp§¤±·�Ø��´Ä�k�{�±�$"

�y3��§·�Ñ3?Ø$�Ú���¹�1�"²þ1�XÛQº·�

�±¦^Ú��1�����{"ÀJ��wþ�'�Ð��{§ �{é��

�¼êA(n)§=3Ñ\5��n�3²þ1�e§�{��A(n)gÄ�ö�",

�2y²ù�a�{éu5�n�Ñ\���1G(n)gö�"XJA=G§·��

±¤�{�²þ1�´�`�"XJØ´§UYé�Ð��{½�Ð�$�£½

öüö¤"

éuNõ¯K©Û�1ö��êþ´é(J�"Ï~§XJ���{�1

ö��gê3®���`�1gê���S£k�ù��{Ò´¤���Ð�

�{"¤§·�Ò@�ù��{´�`�"31.5!§·�ò�Ñ�«©ÛNõ¯

K´Ä3®���`�1gê���S§=¦·�ØU�1°(�©Û"

·��±¦^�©Û�m�Ó��{5ïÄ�m�¦^"©Û��A½�

{¦^�mêþ�þ�§3y²��nØþ�$�"·��±@�é��¯K

��{��mÚ�mÑ´�`�íºù�¯K��Y´§k�´"éuNõ¯K

�3�mÚ�m�²ï"

1.4.8 ¢yÚ?§

¢yÒ´ò���{=�¤O�Å§S"�{�±ÏL�O�Å§S�O

�óaq�ö�CþÚêâ(���E5£ã§½ö^�~Ä��!p?�^
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g,�ó)º)ûÄ�¯K��{§ØJ�'uO�Å�?Û¯Ô"Ïd¢y

�U´(|!����Èó�§��U´�~(J�§I�§S
3ÀJêâ(

�þ�éõ�ä"±�3·��/�§·�ò?Ø3���¹e§¢yXÛÀJ

êâ(�§XÛò±=�£ã��{C¤§S"?1ù���?Økü��Ï"

1�§ù´)���Ð§Ség,
�­��Ü©"1�§�Ä¢y[!éu©

Û�{é7��¶3Ä�é�£'Xã§8Ü¤þ�1ØÓö���m�6ué

�´XÛL«�"~X§XJ8Ü±óLL«§Kë�ü�8Ü�I��g½ü

gö�"�´XJ8Ü±ê|L«§KI��þ�ö�§'Xò��8Ü���

���,��8Ü¥"

dÂþù§¢y½{ü�?§§¿�Xò���{£ã[!Ú�{¦

^�êâ(�=�¤�«A½O�Å�§S"d�·��©Û´¢yÃ'

�£implementation-independent¤¶�é{`¦�òÕá�O�ÅÚ¦^�§S

�O�ó§Õáu�{½§S��[!"

§S
��±3©Û�{��ÄA½O�Å�&E"~X§XJØ�ÚO

��ö�§ö��±�â�1�mïá��¶½ö�O��§S�.��1õ

�¦£3���¹Ú²þ�¹e¤"k�¦^�
äNO�Å��£ò����

#�©Û(J"~X§XJO�Åk�
ØÏ~�!rå��±�p��1��

-§K�±ïÄ¦^ù
�-��a�{§òù
�-��ö�ÚO"XJO�

Å�k�@ék���-8§¦�¢yÄ�ö�é$�§K��ÄØÓ��a�

{",
���§XJ¢yÃ'�©Û��éÐ"K§S�6©Ûò���«Ö

¿"

�,�Ä�«A½�¢y�§��±é�{��m¦^�¹�[!©Û"

?Û'u¯KÑ\��£§Ñ�±Jp�{©Û�°Ý"~X§XJÑ\=

�u¤k�UÑ\���f8§Ò�±�éù�f8���©Û"Ò�·�5

¿��§��Ð�²þ1�©Û�6uéØÓÑ\u)VÇ�@£§Ý"

1.5 {ü¼ê�ì?O�Ç

·��Ýþ�{ó�þ��{�.XÛº·�éü��{�'�kõ°(º

Ï�·�ØUO��{z��Ú½��1�¹§¤±·��©Û7,�3Ø°

(�Ï�"

b���¯K��{�
2ngÄ�ö�§Ï
�V�k2cng§c´,�~

þ§,���{�4.5ngÄ�ö�§½ö�k4.5c‘n."@�$1��¯º·�(

¢Ø��"1���{�U�
Nõ�	�ó�¶Ò´`¦�'~Xê�Ué

p"Ï
XJ��¼ê£ã�ü��{kØÓ�~þÏf§¦�U´«Oü�

�{Ã¿Â�}Á£Ø�·�Jp©Û�°Ý¤"·��Ä3Ó�E,5a¥�

�{"
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b���¯K��{�n3/2g¦{
,���{�5n2"@���{�¯

Qºéun'����¹§1���¯§�´éuné���¹§1���¯–=

¦§��õm��ö�"á�¼ê�O�Ç��u²�¼ê§~êÏf3nC�

é��K�Ø�"

Ò�3~f¥V«�§·�F"é��«'�{ü¼ê��{§U�Ñ~ê

ÏfÚ�5�Ñ\�"ù�´·�ò�ïÄ�ì?O�Ç!ì?�!½{ü�¡

�¼ê��"

§UÜn��Ñ~êÏfÚ�5�Ñ\íºvk���?ê!�êÆ

�aí5�Ï\n)·���o¦^ì?�"b�\�ÀJ
��¢½

5Ø4§\�Ì�IO´@�k�~ö9�íÿ"ÀJ´El Paso!Texas!

ÚYuma!Arizona"¦��m§Ý�OØ�§Ø´íº�´�\3n�¢½mÀ

JQ§El Paso!YumaÚAnchorage§Alaska"\�½¬êþ¬y�Anchorage"

ùaquü�¼êk�Ó��§1n�kØÓ��"���§¦·�U�N´�

ÀJ¶·��±��l·�8I��@
ÀJ"

y3§3El PasoÚYumaXÛÀJQ£½ö3ü������{¥XÛÀJ

Q¤º·��±�w§ÝP¹§,�éÑ@��¢½�²þ§Ý',��¢½p

�:"ù�±aí�'�k�Ó��ü�¼ê¶éu�{§ùL«ÚO¤kö

�§�)ÚO¦��°($1�m",��8��U��,��IO§�UÜ·

�ó�Ú©z¨�´ÀJ¢½�IO§½ö¦^
õ��	�m´ÀJ�{�

IO"

k�UAnchorage¬'El PasoæÚíºù´�½�¶�»6D�El Paso�§Anchorageé

�Uk��§æ�SU"ù¿Ø´ /̀���¹e§Anchorage'El Paso�e0

´�Ø�"3½Âp·�ò�ÑéuO§ΘÚÙ¦/�8Ü0¼ê1��'�§ò

�Ñn���"�Ñ�ëê£éu�{´Ñ\5�¤aqu�ÑAnchorage'El

Paso½Yuma�e��êAU"

1.5.1 ìC��½ÂÚÎÒ

·�ò¦^�
g,êÚ¢ê�~^PÒ"

½Â 1.13 g,êÚ¢ê�ÎÒ

1. g,ê8ÜL«�N = {0, 1, 2, 3, · · · }"

2. ��êL«�N+ = {1, 2, 3, · · · }

3. ¢ê8ÜL«�R"

4. �¢ê8Ü�R+

5. �K¢ê�8ÜL«�R∗
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g

Ω(g)µO�Úg��¯½�¯�¼ê

Θ(g)µO�Úg��¯�¼ê

O(g)µO�ØXg¯�¼ê

Figure 1.5: Ω, Θ, O

-fÚg´lN�R∗�¼ê"ã1.5��ª�£ã
·�¦^8ÜÚ¼ê��

m�'X"P4ùÌã§��ª�½Âò�Ï�ye¡��ª½ÂÚá5"

½Â 1.14 8ÜO(g)

-g´��l�K�ê��¢ê�¼ê"KO(g)´¼êf�8Ü§�´l

�K�ê��¢ê�§�3¢ê~þc > 0Ú�K�ê~þn0§éun ≥ n0§

kf(n) ≤ cg(n) "

òg��,
�Ñ¼ê§òf��·��©Û�¼ê´�©k^�"5¿¼

êf�U3O(g)S§=¦éu¤kf(n) > g(n)"­���:´f´¤kg ¦��

~ê�þ�"�Ò´`�n'����ÿ§Ø�ÄfÚg�m�'X"ã1.6Ð«


�
¼ê��'X"£5¿ã1.6 ¥�¼êÑ´½Â3R+½R∗þëY�"£ã·

�ò�ïÄ�{�õê1��¼êkNõg,�*Ð"¤

8ÜO(g)~Ö�/g��O0§½/g�O0§¦+/oh0¢Sþ´F1i

1omicron",	§¦+·�½ÂO(g)���8Ü§�¢S¥~ /̀f´g�O0§


Ø /́f´g�O�����0"

,	���ÀJ�Ð«f3O(g)¥�Eâµ

Ún 1.5 XJ lim
n→∞

f(n)
g(n) = c <∞§Kf ∈ O(g)§�¹4��0��¹"

Ò´`§XJf/g�4��3�Ø´Ã¡§KfO��ØXg¯"XJ4�´

Ã¡§f'gO��¯"

~ 1.13 kØÓì?��¼ê

-f(n) = n3/2§g(n) = 37n2 + 120n + 17"·�òw�g ∈ O(f)§�

´f /∈ O(g)"

Q,éun ≥ 78§g(n) < 1f(n)§ù�lg ∈ O(f)"·���±ù���Ó

��(Øµ

lim
n→∞

g(n)

f(n)
= lim

n→∞
37n2 + 120n + 17

n3/2
= lim

n→∞
(74/n + 240/n2 + 34/n3) = 0
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x

f(x)

4 8 12 16

4

8

12

16

20

f1(x) = x2 f2(x) = x2/4

f3(x) = x

f4(x) = x/4 + 3

f5(x) = lg x

Figure 1.6: ¼ê��´µf3 ∈ O(f4)§�,3x > 4��ÿf3(x) > f4(x)§Ï�ù

üöÑ´�5�"f1Úf2k�Ó��"¦�O��'Ù¦n�¼êÑ�¯"f5´

¤Ð«¼ê¥O��ú�¼ê"

·��±ÏLO�lim f/g = ∞§��f /∈ O(g)"ùpk,���ÀJ��

{"·��â��^�b½f ∈ O(g)"XJf ∈ O(g)§K�3~êcÚn0 ¦�é

u¤k�n ≥ n0§

n3

2
≤ 37cn2 + 120cn + 17c

n

2
≤ 37c +

120c

n
+

17c

n2
≤ 174c

Q,c´��~ê§n�±?¿��§¤±Ø�Uéu¤k�n ≥ n0§Ñ

kn
2 ≤ 174c "

�fÚg3¢êþ´ëY�Ø�Ó¼ê§e¡�½néu¦4��©k^"
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Ún 1.6£L’Hôpital{K¤-fÚg´ØÓ�¼ê§©Ok�êf ’Úg’§�

lim
n→∞

f(n) = lim
n→∞

g(n) =∞

K

lim
n→∞

f(n)

g(n)
= lim

n→∞
f ′(n)

g′(n)

~ 1.14 ¦^L’Hôpital{K

-f(n) = n2§g(n) = n lg n"·�ò�Ñf /∈ O(g)�g ∈ O(f)"Äk´�

lim
n→∞

f(n)

g(n)
= lim

n→∞
n2

n lg n
= lim

n→∞
n

lg n

y3·�5¿�£ë�Ún1.1¤ÎÜ¦^L’Hôpital�^�µ

lim
n→∞

n ln(2)

lnn
= lim

n→∞
ln(2)

1/n
= lim

n→∞
n ln(2) =∞

Ïdf /∈ O(g)"�g ∈ O(f)§Ï�Ã¡��ê�0"

Ω(g)�½Âµ��O��Úg��¯�¼ê§ù�½Â´ä(g) 4½Â�é

ó"

½Â 1.15 Ω(g)8Ü

-g´l�K�ê��¢ê�¼ê"KΩ(g)´¼êf�8Ü§�´l�K�

ê��¢ê�¼ê§�3~êc>0§Ú�K�ê~þn0§éu¤kn ≥ n0 Ñ

kf(n) ≥ cg(n)

,���ÀJ��äf3Ω(g)�{´µ

Ún 1.7 ¼êf /∈ Ω§XJ lim
n→∞

f(n)
g(n) > 0§�¹4��∞"

½Â 1.16 Θ(g)§g�ì?�

-g´l�K�ê��¢ê�¼ê"KΘ(g) = O(g)
⋂

Ω(g) §Ò´`§¼ê

8Ü=áuO(g)qáuΩ(g)"/f ∈ Θ(g)0�ÊÏ�Ö{ /́f´g��£f is order

g¤0"·�²~¦^á�/ì?�0§�¦^â�/ìC�E,Ý0"

·��kµ

Ún 1.8 XJéu0 < c <∞�~êck lim
n→∞

g(n)
f(n) = c§K¼êf ∈ Θ(g)"

~ 1.15 ,
�{�ì?�

�{1.1£^S�é§ÃS�¤§Ú�{1.3£�é�õ����¤����¹

E,ÝÑ´Θ(n)"�{1.2£��Ú²þ�¤Ý
¦{�E,Ý3m = n = p�

´Θ(n3)"

4�5µOy�ÄÙ¦ÖÚ©Ù�Ööò¬5¿�Ω�½Âk�
�Czµá�/éu¤k�0�

Ufz¤/éuÃ�õ�0"Θ�½Â�kaq�Cz"
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�{ 1 2 3 4

�m¼ê(�©) 33n 46n lgn 13n2 3.4n3 2n

Ñ\5�£n¤ )û�m

10 0.00033sec 0.0015sec 0.0013sec 0.0034sec 0.001sec

100 0.003sec 0.03sec 0.13sec 3.4sec 4 ∗ 1016yr

1000 0.033sec 0.45sec 13sec 0.94hr

10000 0.33sec 6.1sec 22min 39days

100000 3.3sec 1.3min 1.5days 108yr

#N��m ��)û�Ñ\5�£�V¤

1sec 30000 2000 280 67 20

1min 1800000 82000 2200 260 26

Table 1.1: ¼êO���Ý

?Ø�8Ü�â�Ï~´Ø°(�"~Xµ/ù´���n2�{0¢Sþ¿

�X£ãù��{1��¼ê3Θ(n2)¥"öS¥�Þ
~^�A��8Ü§±

9¦��m�'X§'Xn(n− 1)/2 ∈ Θ(n2)"

k�·�F"�Ñ��¼ê�ì?�°(�'��¼ê�½�"·��±

¦^e¡�½Â"

½Â 1.17 8Üo(g)Úω(g)

-g´��l�K�ê��¢ê�¼ê"

1. o(g)´¼êf�8Ü§�´l�K�ê��¢ê�¼ê§ lim
n→∞

g(n)
f(n) = 0"

2. ω(g)´¼êf�8Ü§�´l�K�ê��¢ê�¼ê§ lim
n→∞

g(n)
f(n) =∞"

���¹§/o(g)0Ú/ω(g)0Ö�/g��oh0Ú/g��omega0"ù~~

PÁ�3¼êo(g)¥�¼ê/�u03O(g)¥�¼ê"�´§ω(g)ÒØ´ég

,
§Ï�3ω(g)¥�¼ê�U�u3Ω(g)¥�¼ê!o(g)�õ�á5§ë�ö

S1.33Ú1.34"

1.5.2 ì?��­�5

L1.1 5Ð«éuÓ��¯KA«¢S�{�$1�m"£����ØéA?

Û¯K��{¶3ùp^§5y²�ê¼êO��õo¯§±9�ê�{´XÛ

�<s"¤p*��L§�±wÑéuE,5ép��{§3Ñ\5�O��¤

�Ñ��m:ìO\"L¥���­��²�=¦´3Ñ\é���ÿ§Θ(n)

ÚΘ(n logn)��~êÏf�Ø¬¦�¦�'Ù¦�{�ú"

5�5µùÜL£Ø
����¤ÚL1.2 �âJon Bentley�5Programming Pearls6£Addison-

Wesley, Reading,Mass.,1986¤U?§��Ç�"
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Cray-1 Fortrana TRS-80 Basicb

n 3n3B 19,500,000nB¦

10 3�© 0.2¦

100 3Î¦ 2.0¦

1000 3¦ 20¦

2500 50¦ 50¦

10000 49©¨ 3.2©¨

1000000 95c 5.4��

a Cray-1´Cray Researchúi�ûI
b TRS-80´Tandyúi�ûI

Table 1.2: ì?��Ñ

L�1�Ü©w«Ñ
ØÓ�O�Ç§3Ñ\5�O��¹e¤�Ñ�O

��m£�,\�±¦^�¯�O�Å5¦O��m¤�ØÓ"���¹e§¿

Ø´·�õO�60���m£½ör�ÝJp60�¤§Ò�±õ?n60��Ñ\¶

ù«�¹=��{�E,5�O(n)�â¤á"~XéuΘ(n2 ) ��{§=Uõ

?n
√

60��Ñ\"

�
?�Úw«�Ñ\5�é��§ì?�é�mE¤�K��'~êÏ

f�­�§ë�L1.2"L1.1¥���á��{3Cray-1�?O�Åþ¢y¶é

u5��n�Ñ\�$13n3B¦"�5�{3TRS-80£80c�B¨�PC¤¶�

$119.5n�¦(19,500,000nB¦)"¦+�5�{�~êÏf'á��{�~ê

�650��§�Ñ\n ≥ 2500��5�{�´�¯"£�.´�Ñ\�´�Ñ\­

6uäN�¯K¤"

XJ·�'5¼ê�ì?�£Ï
`nÚ1,000,000n´Ó��a.¤§K�·

�`ü�¼êkØÓ��§·�´3rN£ãùü��{�¼ê�ØÓ"XJ

ü�¼êk�Ó��§¦��U3�~êÏfþk�O"�´§y3�¯K´3

�½��mS3�¯��O�Åþ���{U?n���Ñ\5�§~ê��

´Ø�Z�"Ò´`§3éuL1.1���ü1§~ê��ÚO�Ø�Z"4·�

�c[�*	ù
êi�¹Â"

b�§·��½�½þ��m£�¦§�©¨–äN´õ�¿Ø­�¤"-s�

A½�{3�½�m�S�U?n���Ñ\5�"y3b�·�#Nt��

�m£½ö·�O�Å��ÝO\t�§½ö´Ï�Eâ�?Ú§½ö�´Ï�

·�L�
u´ï���B�Åì¤"L1.3 Ð«
A«ØÓE,5é\��K

�"

313����âe�úªO�

f(Snew) =\����Úê = t ∗\�c�Úê = tf(s)
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éuÑ\5�n�1Úê ���U�Ñ\5� ���UÑ\5�

O\t���A��m

f(n) s snew

lg n s1 st
1

n s2 ts2

n2 s3

√
ts3

2n s4 s4 + lg t

Table 1.3: 3��Ñ\5�(½�O\O�Å�Ý����J

ÚSnew�'X

f(Snew) = tf(s)

y3§XJ·�ò1���¼ê¦±~êc§31n���Ø¬UC!ùÒ´

·�`~ê���Ñ\��{U?n���Ñ\5��O\O��m£½�Ý¤

�)��JÃ'"

1.5.3 O ΩÚΘ�á5

ì?�dNõk^�á5"�õê�y²Ñ3�öS¥¶¦�Ñ�±l½

Âl�t��"éu¤k�á5§b½f!g!hÎÜN → R∗ "Ò´`§¼êÑ´

l�K�ê��K¢ê�"

Ún 1.9 XJf ∈ O(g)±9g ∈ O(h)§Kf ∈ O(h) ¶Ò´`§ä´D4�"Ó

�§Ω!Θ!oÚωÑ´D4�"

y²µ-c1Ún1éu¤k�n ≥ n1§Ñkf(n) ≤ c1g(n)"-c2Ún2éu¤

k�n ≥ n2§Ñkg(n) ≤ c2h(n)"Kéu¤k�n ≥ max(n1, n2)§f(n) ≤
c1c2h(n)"¤±f ∈ O(h) "éuΩ!Θ!OÚω�y²aq

Ún 1.10

1. ��=�g ∈ Ω(f)�§f ∈ O(g)"

2. XJf ∈ Θ(g)§Kg ∈ Θ(f)"

3. Θ½Â
�«¼ê��d'X£ë�1.3.1�!¤"z��Θ(f)Ñ´�±¡

�E,a��da"

4. O(f + g) = O(max(f, g)) "éuΩÚΘ�kÓ���ª"£3©ÛE,�{

��ÿ¦�´ék^�§ù�fÚg�U£ã��{�ØÓÜ©"¤

Q,Θ½Â
�«�d'X§·��±ÏLa¥�?¿¼ê5L«�{�

E,5a"²~ÀJ�{ü�L«"ÏdXJ��ÏL¼êf(n) = n3/6 + n2 +
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x

f(x)

n
2

n

nd

n/2d

n
∑

i=1

id

x

f(x)

n
2

n

log n

log n− log 2
n
∑

i=1

log(i)

Figure 1.7: Ý/Jø
NõÚ�þ.Úe."�ü�Ý/�«�ÑkÓ��ì

?��§Ò´Ú�ì?�"

2 lg n + 12 £ã��{§·�{ü�`µ�{�E,53Θ(n3)"XJf ∈ Θ(n)§

·�`f´�5�¶XJf ∈ Θ(n2)§·�`f´²��¶XJf ∈ Θ(n3)§·�

`f´á��6"O(1)L«¼ê±~þ�>.£éu��n¤"

ùpkü�k^�½~"¦��y²^�
31.5.1 �!¥J��Eâ§A

O´L’Hôpital{K¶y²3�öS¥
"

Ún 1.11 lg néu?¿α > 0Ñ3o(nα)S"Ò´`éê¼ê'��ê��¼ê

Ñ�ú£�)�ê�©ê��¹¤"

Ún 1.12 nkéu?¿k > 0Ñ3o(2n)S"Ò´`§�¼ê'�ê¼ê2n�

ú"£¯¢þ§��ê¼ê�.�u1�§�¼ê'�ê¼ê�ú¤"

1.5.4 ì?��Ú

�ÎÒ¦·��±N´��ÑÚP43©Û�{¥����«ì?��Ú"

k
¦Ú(Ø31.3.2¥½Â"

½n 1.13 -d�K~þ�-r´��Øéu1��~þ"

1. õ�ª?ê�Úò�êO\1"Ý�d�õ�ª?ê�Úk
n
∑

i=1

id�/ª§A

^5K�ù«/ª�Ú3Θ(nd+1)S"

2. AÛ?ê�Ú3�����Θ�S"AÛ?ê�Úk
b
∑

i=a

ri �/ª"

5K·^u0<r<1½r>1��¹§�´3r=1´´Ø�½�".�aÚbØU

Ñ´~þ¶;.�§þ.b´n�,�¼ê§e.a´��~þ"

6�5µ5¿â��5!²�Úá�'¦�3êÆþ�^{�°t
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3. éê?ê�Ú3Θ()"éê?ê�Úk
n
∑

i=1

log(i) �/ª"¦^5K��Ú

3Θ(n log(n))S"ªf¥éê�.´õ�'XØ�"

4. õ�ª-éê?ê�Ú§k
n
∑

i=1

id log(i)�/ª§3Θ(nd+1 log(n)) "

y²µwã1.7"Q,Ún¥¤k�S�Ñk
n
∑

i=1

f(i)�/ª§ùpf(i)´üN

�"éw,§p�f(n)§°�n��Ý/´Ú�þ."Ó�§XÓ3ã1.4b¥w�

�§i = 0 �i = n�m�3f(i)�e�ã�¡È´Ú�e."éuõ�ªÚéê

S���¹§¡È�±{ü�de¡'����Ý/.½"3�>�ã¥�Ý/

�¡È´nd+1§
�Ý/�¡È´nd+1/2d+1 "Q,ü�Ý/�¡ÈkÓ��ì

?�§KÚ�AT´ù��"3m>�ã¥§ü�´n lognÚ(n/2)(logn− log2)"

õ�ª-éê?ê´aq�§�´ù�EâØU^uAÛ?ê"AÛS��5K

�±��d1.3.2 !��ª1.12�Ñ"

1.6 3kSê|¥�é

�
�²c¡Ù!¥Ðy�*:§·�òÆS��ÙG~f"

¯K 1.1 kSê|�é

�Ñ�¹n�kS���ê|E§�Ñ�K§�Ñ¢Úindex§K=E[index]§½

öKØ3ê|¥K�£-1"

¢S¥§K~~´^8�'�i§̂ 8´��Ø
'�i���Ù¦¢~��

a§¤±�°(�LãAT´K=E[index].key"�
�B?Ø§·�b½^8Ò

´'�i§
�¦�´�
êi"

4·�kbCØ���©�é�{£Binary Search¤§Ò�·�1�g�w

�ù�¯K��"·�ò�ÄØÓ��{§©Û��Ú²þ1�§���Ä�©

�é§¿�ÏLïáI�?1'�i'��$�5Ð«�©�é´�`�"

1.6.1 �
)û�{

w,^S�é�{£�{1.1¤�±)û¯K§�´§vk¦^ê|��´

kSù�¯¢"·�UÄ?U�{¦�¦^O\��	&E
~�ó�þQº

1��U?ÏL*	�±×���§Q,ê|´4O�§K��é�uK�

��§�{Ò�±(å¿�£-1
"£7LXÛ?U�{�141�ÿÁ±;�3

�gÌ�¥?1üg'�º¤ù�UCé©ÛkÛK�QºÃ¦§?UL��{

éuk
�¹�Ð¶éuk
Ñ\×��ª�
"�´§3���¹e(JØ

C"XJK´ê|�������§½öK´�����§K�{�´�?1ng

'�"
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éu²þ�¹©Û§·�7L��K3ü�ê|���m��U5dõ�"

b�·�½Â��mä£gap¤gi§́ y�8Ü§E[i− 1] < y < E[i](i = 1, · · · , n)"

-g0´¤k'E[0]�����8Ü§gn´¤k'E[n-1]�����8Ü"·�

b½§Ò�·�3~1.9¥��§K3ê|¥�VÇ´q"XJK3E¥§·�b

½K3¤k ��VÇÑ´���£�Ò´k^�VÇ1/n¤"XJKØ3ê

|¥§·�b½¤k�mäÑ´���£�Ò´k^�VÇ1/(n + 1)¤"é

u0 ≤ i < n§I�?1i+1g'�5û½K=E[i]½´K3gi¥§
�ò?1ng'

�5(½K3gn¥"·�O�'��²þgê§k^��¤õ(Asucc)Úk^��

�}(Afail))§Xeµ

Asucc(n) =

n−1
∑

i=0

(

1

n

)

(i + 1) =
n + 1

2

Afail(n) =

n−1
∑

i=0

(

1

n + 1

)

(i + 1) +

(

1

n + 1

)

1���ªÐ«
K3ê|¥��¹§�~1.9¥��Ó"1���ªÐ«
KØ

3ê|¥��¹"�OÚé{ü§3�
öS¥"Ò�3~1.9¥��§���(

JÏL�ªA(n) = qAsucc(n) + (1− q)Afail(n)O�"A(n)oÑ�(J´n/2§Ø

+q´õ�"�q=1/2��{1.1²þ�'�3n/4���§¤±?U���{kU

?§¦+§�²þ1��´�5�"

Let’s try again. ·�UÄé��«3���¹e��ung'���{Qº

b�·�òK�ê|¥z�14���'�"XJ��§Ò¤õ
"XJK'?

1'�����§=E[i]§Kn�3E[i]c¡���ÒØ^'�
"XJK<E[i]§

KK3��'��ü����m"2kAg'�£´õ�º¤Ò�±û½K� 

�
XJK3ê|¥§½öû½KØ3ê|¥"�{�[!Ú©Û3�Öö��

¤§�´éN´w��k1/4�ê|���u��
"=¦3���¹e���

��n/4g'�"

·��±¦^Ó���{§ÀJ����j¿��O�«�{§�I�

òK�1/j���?1'�§Ïd3·�?nê|�#Nzg'��Øj-1���"

Ï
·�3E¥(½���U�¹K��ã�VI�?1n/jg'�"K·�U

Y^?1jg'�ÒU3�ã¥é�K"éu���½�K�{E,´�5�§�

´XJ·�ÀJj�£n/j+j¤����§ù��AT´
√

n"d�o�'�gê=

�2
√

n "·�â»
�5�¶æ"

�´·���±���Ðíº5¿·�3½ 
�ã��UY¦^�5ü

Ñ"ãk��j���§,�·�s
jg'�5|¢¦§ù�L§´�5�"�

´y3·����5�Ñ�p
"ùïÆ·�3�ãþ48�¦^·��/Ì

üÑ0§�O�5üÑ"

Í¶��©�é�{��{Ò´ò/z1/j���0A^�z�Ú¥§3zg

aL�����"Ø^ÀJ��A½��êj§Ø^òK�z1/j��'�§·�

ÄkòK�ê|�¥m����'�"ù�3�g'�¥ÒüØ
�����"



48 CHAPTER 1. ©Û�{Ú¯Kµ�n�~f

i n t binarySeach ( iny [ ] E, i n t f i r s t , i n t l a s t , i n t K)

{

1 i f ( l a s t <f i r s t )

2 index=−1;
3 e l s e

{

4 i n t mid= ( f i r s t+l a s t ) / 2 ;

5 i f (K==E[ mid ] )

6 index=mid ;

7 e l s e

{

7 i f (k<E[mid ] )

8 index=binarySearch (E, f i r s t , mid−1,K) ;

9 e l s e

10 index=binarySearch (E, mid+1, l a s t ,K) ;

}

}

11 return index ;

}

��·�û½
@���U�¹K§·�48�A^üÑ"·�UY'

�KÚ�eã�¥m��'�§���U�¹K�ã ��0½öé�K"z�g

'����U�¹K�ã¬~���"5¿§ù´��ÊÏ|¢~§�,��~

f£½Â1.12¤"��U�¹K�ãÂ �0�§L§�}¶XJé�KK¤õ¶ü

öÑvku)�UY|¢"

ù�L§´©
£�üÑ�Ì�~f§·�ò31Ú14Ù?Øù�üÑ"

ÏLòK��¥m���'�§ò3n�üS��¥�éK�¯K©¤
ü�f

¯K£b½�¥m���Ø´K¤"ÏL©Û·�òw�©m)ûü�f¯K'

)û�5vk©m�¯K�{ü£3���¹Ú²þ�¹e¤"̄ ¢þ§Ù¥�

�f¯KØI�)û§Ï�·�®²��KØ3ê|�@Ü©¥"

�{ 1.4 �©�é

Ñ\µE§first§lastÚK§ùpE´��3��first, · · · , last�m^S�

ê|§K´��é�'�i"�
{z¯K§·�b½KÚE���Ñ´�ê§

ÚfirstÚlast��"

ÑÑµindex§XJK3E¥§E[index]=K§XJKØ3E¥index=-1"

�{1.4�(5��[y²30�
�
7L�á���§33.5.3!¥��
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���ª~f�Ñ"ù«²~¦^�Ø�ª��Ï3c¡?ØL
"

1.6.2 �©�é����¹©Û

4·�½Â�©�é���n=last-first+1§E¥��é���êþ"é�©

�é�Ä�ö��Ün�K´K�ê|����g'�"£ùp?Ø�/'�0o

´¿�X�gK�ê|���'�§
Ø´1�1¥index �'�"¤-W(n)�

�én ���ê|�����'��ê8"

Ï~b�'�Ñ´3�'�§Ò�315Ú171?1�"£=¦Ø?13�

'�§^��'���±���Ó�>.§�öS1.42"¤Ïd§W(n)�´N

^binarySearch �gê§Ø
3121vk'�Ò(å��¹"

Java�óJ«µNõJava�Nõa§�)String§ÏLComparable��|

±n�'�¶̂ r½Âa��±¢yù���¶ë�N¹A"

b�n>0"�{�?Ö´lfirst�last�n���¥éÑK"§3151òK�E[mid]

'�§mid = ⌊(first + last)/2⌋ "3���¹e§ù
'�iÑØ��§��
181½´1101§�ûu�.´�>�´m>�ã�¹K"kõ���3�e

�ã¥QºXJn´óê§Kkn/2���3m>�ã¥§k(n/2)-1���3�>

�ã¥"XJn´Ûê§ü>�ã¥Ñk(n-1)/2���"Ïd§3zg48�c

�k⌊n/2⌋���3�e�ã¥"Ïd�Å�O3zg48N^����� �
��"

·��ònØ2õ�gâU¦(JfÐ�u1º�é{`§éun/2d ≥ 1¤

á�d����º¦)dµ2d ≤ nÚd ≤ lg(n)"Ïd348N^��·�U

�⌊lg(n)⌋g'�§348N^�c�k�g§o�I��W (n) = ⌊lg(n)⌋+ 1g

'�"öS1.5�Ñù�L�ª�{²�L�ª§
�éun=0��¹�UéÐ

�·A§⌈lg(n + 1)⌉"·�kµ

½n 1.14 3���¹e�©�é�{I�òK�ê|���?1W (n) =

⌈lg(n + 1)⌉ g'�£ùpn ≥ 0§´ê|���ê8¤"duz�¼êN^��g

'�§$1�m3Θ(log n)"

3���¹e§�©�é²þ�'^S�é��'��"

1.6.3 ²þ�¹©Û

�
{z©Û§·�b½K�UÑy3ê|�?Û/�"Ò�·�3�!

m©�w��§k2n+1� �K�UÑyµE¥�n� �¡�¤õ �§n+1�

mä¤��} �"éu0 ≤ i < n§-IiL«3K=E[i]��¤kÑ\"é

u1 ≤ i < n §-In+1 L«E[i − 1] < K < E[i]��¤kÑ\"InÚI2n©OL

«K < E[0]K > E[n− 1]��Ñ\"-t(Ii)�3Ñ\Ii��{?1K�ê|��

'��êþ"L1.4Ð«
n=25�t��"w,�õê¤õ�Ú¤kmäÑ3�
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i t(Ii) i t(Ii)

0 4 13 4

1 5 14 5

2 3 15 3

3 4 16 4

4 5 17 5

5 2 18 2

6 4 19 4

7 5 20 5

8 3 21 3

9 5 22 5

10 4 23 4

11 5 24 5

12 1 mä25,28,31,38,41,44 4

Ù¦mä 5

Table 1.4: n=25�§�©�é?1'��êþ�K ��'X

��¹S¶�õê�ÿ��?14½ö5g'�"£éun=31·�òuy�õê¤

õ�Ú¤k�mäÑfÐ�u���¹"¤¤±·�b�¤k¤õ� �Ñ´�

��§�½�±Ï"'�gê�²þ��C�lgn"O�²þ��b½z�� 

�k1/51�VÇ�'�gê´223/51§½ö��´4.37§lg25 ≈ 4.65"

Q,'��²þgê�6u�é¤õ�VÇ§·�^qL«VÇ§½

ÂAq(n)��¤õ�VÇ´q�'��²þgê"d^�VÇ{K·�k

Aq(n) = qA1(n) + (1− q)A0(n)

Ïd·��±3A½�¹�©O)ÑA1(n)£�¥m¤õ¤ÚA0(n)£�¥m�

}¤§Ü¿¦�Ò�±����·^u¤kq�(J"5¿A1�ÓAsucc§A0�Ó

uAfail§�ö´3^S�¥¦^�â�"

·�òí�A0(n)ÚA1(n)�Cqúª§�Ñe�b�µ

1. ¤k¤õ �ÑCq��µPr(Ii|succ) = 1/n§éu¤k�1 ≤ i ≤ n

2. n = 2k − 1§éu¤k��êk ≥ 0

���b�´�
{z©Û"¤kn�(JÚ·�ò���(J�~�C"

�u4n = 2k´�4zg�}��éÑfÐ¦^kg'�§Ø+K3@�m

ä¥"ÏdA0(n) = lg(n + 1)"

©Û¤õ�é²þ1��'�´���=�§=ò/éu��A½�Ñ

\Ii �?1õ�g'�º0=�¤/õ�Ñ\I��tg'�º0"éu1 ≤ t ≤ k§

-st´¦�{��tg'��Ñ\êþ"
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~Xéun=25§s3 = 4§Ï�k4�Ñ\¬�3g'�I2§I8§I15ÚI21"

´�s1 = 1 = 20§s2 = 2 = 21§s3 = 4 = 22§±9st = 2t−1"Q,z��Ñ

\Ñk1/n�VÇ§�{�tg'��VÇ´st/n§d�ª1.12 ²þ´

A1(n) =

k
∑

t=1

t
(st

n

)

=
1

n

k
∑

t=1

t2k−1 =
(k − 1)2k + 1

n

£XJ·�vkb½n = 2k − 1§sk��òØ´ù«�ª§k
�}�¹ò=

kk-1g'�§Ò�3L1.4¥w��"¤y3§Q,n + 1 = 2k§

A1(n) =
(k − 1)(n + 1) + 1

n
= lg(n + 1)− 1 + O

(

log n

n

)

Ò�J9�§A0(n) = lg(n + 1)´KØ3ê|¥��¹"Ï
·�o(Ñe��

Únµ

½n 1.15 �©�é£�{1.4¤éukn����ê|����lg(n + 1)− q g

'�§ùpq´�é¤õ�VÇ§¤k�¤õ �Ñ´���"

1.6.4 `z

3c�!p§·�ò��Θ(n)�{U?¤
��Θ(
√

n)�{§?
�


Θ(log n)"��±?�ÚU?íº=¦·�ØU3Jpì?�§·�U


U?~êÏfíº.�©Û�5Kw�·�ùü�¯K�UÑ´Ä½�"��

î��.�§Ù¥����·��{�þ�§�y·�ØU3é�U?��{"

·�òÐ«�©�é�{´ùa�Uéê|���'���{¥�`

�"·�òÏLu�ùa�é�{�ûüä§ïá��I�'�gê�.�7"

-A´ù����{"A�ûüäÚ���½5��n�Ñ\´����ä§�

�ä�!:^0�n-1�m�êIP§�Ìe¡�5Kµ

1. ä��d�{A'��1��ê|���¢ÚIP"

2. b���A½�!:IP�i"��{'�K����fä´K<E[i]��

¹§mfä´K>E[i]��¹"XJ�{'���ª�

�uyK<E[i]

£½öK>E[i]¤§Kù�!:vk�£½m¤fä"éuK=E[i]��¹vk

©|"��Ün��{3ù«�¹eØ2�'�
"

�±^ù«ûüä�.L«��{´é2��¶�)^S�éÚ�!m©

?Ø�C��é"£5¿#N�{3ê|¥ü�'�i§�´ùØJø?Û&

E§Ï�ê|®²´üS�
§¤±·�Ø�ûüäO\ù«!:"¤ã1.8Ð«


n=10��©�é�{��ûüä"

7�5µ·�b�Öö�¡��ä�â�§�)�§�fÚ´»¶XJvk3UY�c�Jc

w2.3.3!
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4

1 7

0 2 5 8

3 6 9

Figure 1.8: n=10��©�é�{�ûüä

�ÑA½�Ñ\§�{Aò�1ûüä¥l�m©��^´»þ�¤k'

�"�1'�i'��gêÒ´´»þ!:��ê"���¹e�1'��g

êÒ´����^´»�!:ê¶¡ù�ê�p"b½ûüäkN�!:"z�

�!:�õkü�¯f§K3�½�Ý�£counting each edge as one¤!:�ê

8��´c�?�Ý�!:ê8�ü�"Q,éu¤k!:����Ý´p-1§

·�k

N ≤ 1 + 2 + 4 + · · ·+ 2p−1

d�ª1.8�m>�Ü©´§¤±·�k2p ≥ (N + 1)"

·�k
pÚN�'X§�´·�����p�n�'X§n´ê|¥��é�
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import java . lang . ∗ ;
pub l i c c l a s s I n tL i s t {

i n t element ;

I n tL i s t next ;

/∗∗ ~þnilL«��L.∗/
pub l i c s t a t i c f i n a l I n tL i s t n i l= nu l l ;

/∗∗ p r e c ond i t i o n s : L�nil.

�£�µL�1����.∗/
pub l i c s t a t i c i n t f i r s t ( I n tL i s t L){

return L . element ;

}

/∗∗ p r e c ond i t i o n s : L�nil.

�£�µØ
1����±	§LÙ¦���¤�L.∗/
pub l i c s t a t i c I n tL i s t r e s t ( I n tL i s t L){

return L . next ;

}

/∗∗ p r e c ond i t i o n s : Ã

∗ po s t c ond i t i o n s : -newL��cons��£�.

∗KµnewLÚ^��#�é�,newL�nil,

∗ f i r s t (newL)= newElement ,

∗ r e s t (newL)= o ldL i s t . ∗/
pub l i c s t a t i c I n tL i s t cons

( i n t newElement , I n t l i s t o l dL i s t ){

L i s t newL = new In tL i s t ( ) ;

newL . elemnet =newElement ;

newL . next =o ldL i s t ;

r e turn newL ;

}

}

Figure 2.4: IntList ADT���Javaa�;.¢y"z��k��hk¢~
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/∗∗ preconditions: oldList´,S�"

∗ �£µ,S�#L§dnewElementÚoldListÙ¦��|¤

∗/
pub l i c s t a t i c I n tL i s t i n s e r t l

( i n t newElement , I n tL i s t o l dL i s t ){

I n tL i s t newList ;

i f ( o l dL i s t == In tL i s t . n i l )

newList = I n tL i s t . cons ( newElement , o l dL i s t ) ;

e l s e {

i n t o l dF i r s t= I n tL i s t . f i r s t ( o l dL i s t ) ;

i f ( newElement <= o l dF i r s t )

// newElement áuoldList�c¡

newList= I n tL i s t . cons

( newElement , o l dL i s t ) ;

e l s e {

I n tL i s t o ldRest= I n tL i s t . r e s t ( o l dL i s t ) ;

I n tL i s t newRest=

i n s e r t l ( newElement , o ldRest ) ;

// ÛÜ­ï

newList =I n tL i s t . cons ( o ldF i r s t , newRest ) ;

}

}

return newList ;

}

Figure 2.6: 3kSL¥�\�ê�¼ê£½Java�{¤§æ^ÛÜ­ïEâ"5
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Figure 2.7: ��ä
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2. Ù{�!:©|�ü�f8§LÚR§ü�Ñ´����ä"L¡�T��f

ä§R¡�T�mfä"
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BinTree buildTree(Object newRoot, BinTree oldT, BinTree oldRT)

preconditionsµÃ

postconditionsµXJx=buildTree(newRoot, oldLT,oldRT), Kµ

1. xÚ^��#Mï�é�¶

2. x 6= nil

3. root(x)= newRoot;

4. leftSubTree(x)=oldLT

5. rightSubTree(x)=oldRT

Object root(BinTree t)

preconditions:t 6= nil

BinTree leftSubtree(BinTree t)

preconditions:t 6= nil

BinTree rightSubtree(BinTree t)

preconditions:t 6= nil

BinTree nil

L«�ä�~þ"

Figure 2.8: BinTree ADT� 5 �" ¼ êbuildTree´ � E ¼

ê¶ root§ leftSubtreeÚrightSubtree´��¼ê"a¥'Object ���
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�ä"
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:�pÝ´±§���fä��Ý"ã2.7a¥§I��Ý´1§I�pÝ´3¶D��

Ý´0§pÝ´4"

e¡�¯¢3�¡²~^�"y²¦�éN´§3ùp�Ñy²"

Ún 2.1 �Ý�d���ä�õk2d�!:"

Ún 2.2 pÝ�h���ä�õk2k+1 − 1�!:"

Ún 2.3 kn�!:���äÙ�Ý��´⌈lg(n + 1)⌉ − 1"

ã2.8�Ñ
BinTree ADT�5�"ùw,´2.3.2 !LADT�aí"�
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void t r a v e r s e ( BinTree T)

{ i f (T i s not empty )

{ Preorder−proce s s root (T) ;

t r a v e r s e ( l e f t S ub t r e e (T) ) ;

Inorder−proce s s root (T) ;

t r a v e r s e ( r i ghtSubt r e e (T) ) ;

Postorder−proce s s root (T) ;

}

return ;

}

(a) out-tree (b) in-tree

Figure 2.10: ���out-treeÚéA�in-tree"

2.3.4 äADT
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Tree buildTree(Object newRoot, TreeList oldTrees)

preconditionsµÃ

postconditionsµXJx=buildTree(newRoot, oldTrees), Kµ

1. xÚ^��#Mï�é�¶

2. x 6= nil

3. root(x)= newRoot;

4. subtrees(x)=oldTress;

Object root(Tree t)

preconditions:Ã

TreeList subtrees(Tree t)

preconditions:Ã

TreeList ADT´��aqIntList�L§Ä���´Tree"�.Xeµ

TreeList cons(Tree t, TreeList rSiblings)

Tree first(TreeList siblings)

TreeList rest(TreeList siblings)

TreeList nil

Figure 2.11: äADT�5�"a¥'Object���!:�5�±aq��{½
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(a) Ü6(� (b) ÄuL�(�

Figure 2.12: (a)´��out-tree�Ü6½Vgþ�(�§£b¤K´�A�±list�

;fä�(�µ�e�¢��Þ���>�fä§J��Þ��mL7fä"

void t r a v e r s e ( Tree T)

{ TreeLis t remainSubs ;

Preorder−proce s s Tree . root (T) ;

remainSubTrees= Tree . subt r e e s (T) ;

whi l e ( remainSubtrees TreeLis t . n i l )

{ Tree subt r e e=

TreeLis t . f i r s t ( remainSubtrees ) ;

t r a v e r s e ( subt r e e ) ;

Inorder−proce s s Tree . root (T) and subt r e e ;

remainSubtrees=

TreeLis t . r e s t ( remainSubtrees ) ;

}

Postorder−proce s s Tree . root (T) ;

r e turn ;

}

Figure 2.13: ä�H{µe

�a"¤H{��£a.ò´ÚäNA^�'�§§��UI��	�ëê"

ã2.13Ð«
��Ï^�µe"

2.3.5 In-tree ADT

It is a wise father that knows his own child.

- Shakespeare, The Merchant of Venice
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in-treeä���­�Vg´yk£ancestor¤§�±de¡�48/ª½Â"

½Â 2.1 !:v´§gC�yk"XJp´v�V�§Kz��p�ykÑ´v�y

k"yk��=´��£descendant¤"

3in-tree¥§��!:�±�¯§�yk§�´ØU�¯§���"Ø�Ê

Ï�Tree ADT§3Tree ADT¥é�´��ä¶3in-tree���é�´��!:

Ú§�yk§¤±a�¶i´InTreeNode§ADT��E¼ê´makeNode"

-v´aInTreeNode���é�"·�H{äI�@
��¼êQºÄk

I����¼ê´isRoot(v)§��Ù�¼ê§�vvkV���£true"ÙgI

����¼ê´parent(v)§§���precondition´isRoot(v)�£false"�é{

`§��isRoot(v)´true§KN^parent(v)´�Ø�"

ã2.14�¹
InTreeNode ADT�5�"���!:´dmakeNode�E�§

§´ä���!:§¤±isRoot´true"w,·�I��E��ä��{"Ø

�Ù¦{üADT§ùp¦^
��?n¼ê5¼�ù�õU"?n¼ê��

£a.o´void¶¦�Ø�£�"ù�?n¼ê´setParent(v,p)§§òp��

¤v�V�"k��precondition´v7LØ´p�yk£ÄK¬Mï���¤"§

�postconditions´isRoot(v)´false§±9parent(v)�£p"
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Uint½Â§Ï�int�~�"~X§¦+��!:Ø��§���§�´�±��

��z�!:�.kõ����P¹£öS2.12¤"

In-tree~i3Ù¦�êâ(�¥§
Ø´����Õá�ADT"ùA�´

7L�§Ï�l?Û��in-tree�!:ÑuÑØU�¯��ä"·�ò3ã��

�)¤ä§Ú�á´»�{¥��in-tree§¢yéÜ�éADT���^�"éÜ

�éADT3�«�{¥^�§�)�«��)¤Ü��{"

2.4 æÒÚè�

æÒÚè�`²
Ä�êâa.5�e��?O�E,5"¦��ADT�

)ö�L§§¤±3�aé��±UC¦��/G�0"y35�I�£ã�o

��G�UC�±u)",
§ù
Ï^ADTþ�¤k�ö�Ñ�±3~ê�

mS�¤§vk�õ�JÝ"k�·�I���?Ö�;,§
��?Ö�U�

)Ø�ý�êþ�Ù¦?Ö§æÒÚè�´��Ð�ÀJ"

2.4.1 æÒADT

æÒ´�«�5(�§§�íØÚ�\Ñ7L3�¡�Òº��à"ù«

�#üÑ���?kÑ£LIFO¤"ºÜ��´�C�\�§�´��U�¼�
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InTreeNode makeNode(int d)

preconditionsµÃ

postconditionsµXJx=makeNode(d)Kµ

1. xÚ^��#Mï�é�¶

2. nodeData=d;

3. isRoot(x)=true;

boolean isRoot(InTreeNode v)

preconditions:Ã

InTreeNode parent(InTreeNode v)

preconditions:isRoot(v)=false.

int nodeData(InTreeNode v)

preconditions:Ã.

void setParent(InTreeNode v, InTreeNode p)

preconditionsµNode vØ´p�yk"

postconditionsµ

1. nodeData(v)�±ØC¶

2. parent(v)=p;

3. isRoot(v)=false;

setNodeData(InTreeNode v, int d)

preconditionsµÃ"

postconditionsµ

1. nodeData(v)�±ØC¶

2. parent(v)�±ØC;

3. isRoot(v)�±ØC;

Figure 2.14: InTreeNode ADT� 5 �" ¼ êmakeNode´ � E ¼

ê¶isRoot§parent§nodeData´��¼ê¶setParentÚsetNodeData´?n¼
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Stack create()

preconditionsµÃ

postconditionsµXJs=create()Kµ

1. sÚ^��#Mï�é�¶

2. isEmpty(s)=true;

boolean isEmpty(Stack s)

preconditions:Ã

Object top(Stack s)

preconditions:isEmpty(s) =false.

void push(Stack s, Object e)

preconditionsµÃ

postconditionsµ

1. top(s) =e;

2. isEmpty(s)= false;

void pop(Stack s)

preconditions:isEmpty(s) =false.

Postconditions:ë�e¡�)º"

5)µ3create��§?ÛÜ{�pushÚpopö�£~X\Oå5§pop�êþý

vkpushõ¤�S�¬�)��kÓ�G��æÒ§ù�æÒ��±d�X

�pushö��)"�
¼�ù�pushS�§­Ee�L§µ�é;�Xpush ö

��pop§,�lS�¥íØù�éö�"ùp¦^
æÒúnµ;���popö

��pushö�éæÒvkK�"

Figure 2.15: æÒADT�5�"�E¼ê´create¶isEmptyÚtop´��¼
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Queue create()

preconditionsµÃ

postconditionsµXJq=create(),Kµ

1. qÚ^��#Mï�é�¶

2. isEmpty(s)=true;

boolean isEmpty(Queue q)

preconditions:Ã

Object front(Queue q)

preconditions:isEmpty(s) =false.

void enqueue(Queue q, Object e)

preconditionsµÃ

postconditionsµ-|q|L«ö�cq�G�"

1. XJisEmpty(|q|)=true; front(q)=e,

2. XJisEmpty(|q|)=false; front(q)= front(|q|),

3. 3. isEmpty(q)=false;

void dequeue(Queue q)

preconditions:isEmpty(s) =false.

Postconditions:ë�e¡�)º"

5)µ 3create��§?ÛÜ{�enqueueÚdequeueö�£~X\Oå

5§dequeue�êþývkenqueueõ¤�S�¬�)��kÓ�G��è�

Ò§ù�è���±d�X�enqueueö��)"�
¼�ù�enqueueS�§

­Ee�L§µé�1��enqueueÚ1��dequeueíØùéö�"��¼

êfront(q)ÚisEmpty(q)�^u�è�����§Ú�^��dC�����

�enqueueS�)¤�è�����´���"

Figure 2.16: è�ADT�5�"�E¼ê´create¶isEmptyÚfront´��¼
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2.4.2 è�ADT

è�´�«¤k�\Ñ7L3�à�¤��5(�§ù�à¡�rear½back§


¤k�íØö�Ñ7L3,�à?1§�front"�kfrontà����

±��¯"ù«�#üÑ�k?kÑ(FIFO)"�\ÚíØ�ö�©O¡

�enqueueÚdequeue"XJè���·�^��¼êisEmpty5ÿÁ§XJè

�Ø��§·�^��¼êfront5��§�����"ã2.16�Ñè�ADT�

5�"

ÚæÒADT��Ø�U�Ñ3N^��¼êdequeue���£��wªG

�"Ïd§I��ã5)5£ãenqueueÚdequeue�S�"ë�éX2.13�Ñ�

~f"
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�6.2 !¤"ù
¢y[!Ñ�±dè�ADT5�clientÛõ"

2.5 Ä�8ADT

Ä�8´��8Ü§Ù��3�{¦^8Ü�L§¥¬UC"Ï~§ù��

{�8�´�ï8Ü��"�´�
��8�§3�E8Ü�L§¥§�{I

���8Ü±û½XÛUY�Eó�"Ä�8ADT��@�(�ö��Éé�§
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�¢yâU���`��Ç"p�Ç��é�U7L^�
�~p?ÚE,�

¢y§·�ò316 Ù�>ù
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2.5.1 `k?è�ADT
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what occurs behind the scenes is up to the implementation, as long as outward

appearances are consistent with this view.
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����E,5£Ò

�·�36.7.1!¥w��¤"·�¡Ø�decreaseKeyÚgetPriority�ADT�Ä

�`k?è�"

2.5.2 éÜ¨�éADT£Disjoint8Ü¤

éÜ¨�éADT±§�­��ü�ö�·¶§�´k����Disjoint8

ÜADT"�m©§¤ka,����Ñ3��E¼êcreate�©m�üÕ�8
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Priority create()

preconditionsµÃ

postconditionsµXJpq=create(), K

1. pqÚ^��#Mï�é�¶

2. isEmpty(q)=true;

boolean isEmpty(PriorityQ pq)

preconditionsµÃ

int getMin(PriorityQ pq)

preconditionsµisEmpty(pq)=false

void insert(PriorityQ pq, int id, float w)

preconditionsµXJ¢y
decreaseKey£ë�ã2.18¤§Kid7L®²3pq¥


postconditionsµI£´id`k?´w����\"

1. isEmpty(pq)=false;

2. XJ¢y
getPriority(ë�ã2.18)§KgetPriority(pq, id)=w"

3. getMin(pq)��ë�e¡�5).

void deleteMin(PriorityQ pq)

preconditionsµisEmpty(pq)=false.

postconditionsµ

1. X J lcreate� �§ deleteMin� ê þ � uinsert� ê þ§

KisEmpty(pq)=false§ÄK´true"

2. getMin(pq)��ë�e¡�5)"

5 )µ ò/pq/ £3 v k ö � � c � G �¤ Ä � ¤

é((id1, w1), (id2, w2), · · · (idk, wk))�S�§Ù¥wi�L��idi�`k?§

é±wi�üSü�"Kinsert(pq,id,w)p��U^S�\(id, w)�è�¥§

òpq*Ð�k+1���"Ó��§deleteMin(pq)p��íØS�/pq/�1��

��§¦�pq�kk-1���"��getMin(pq)�£idi"

Figure 2.17: Ä�`k?è�ADT�5�"�E¼ê´create¶isEmptyÚgetMin

´��¼ê¶insertÚdeleteMin´?n¼ê"��`k?è�ADT�N\ö�3

ã2.18¥"Ù¦��a.Ø´int�5a��aq"

2.5.3 i;ADT

i;´�«��5��é�;(�"Ò´`§§z���k,«a.�I£

ÚI��;Úu¢�&E"&E´�I£�'é�"ADT�¶i/i;05g§
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float getProooiority(PriorityQ pq, int id)

preconditionsµid3pq¥"

void decreaseKey(PriorityQ pq, int id, float w)

preconditionsµid 3pq¥§�w < getPriority(pq, id)"Ò´`§#�`k?w �

¦'®²�3��Ó���`k?��"

postconditionsµisEmpty(pq)�,´false"getPriority(pq,id)=w"getMin(pq)�

�ë�5)"

5)µXãFig:BasicPriorityQueueSpecification¥�5)§ò/pq/£3vkö

��c�G�¤Ä�¤é((id1, w1), (id2, w2), · · · (idk, wk))�S�§é±wi�

üSü�"Ó��¤k�ids´���"K§decreaseKey£pq,id,w¤I��

31 ≤ i ≤ kkid = idi§ù�¼êòp��lè�/pq/¥£Øidi, wi§2±w�^

S�\(id, w)"��S�E,�±k���"�¼êö��c��§getMin(pq)�

£idi"

Figure 2.18: ��`k?è�ADT�N\ö�"Ù¦ö�ëwã2.17"ù

pgetPriority´�;¼ê§decreaseKey´?n¼ê"

�DÚi;��q5§DÚi;¥z��c^�k§�I£§½Â§ÖÑ§±9

Ù¦�'&E"�´�q5´k��§Ï�3i;ADT¥��I£Ø�½´k

S�"��i;�­��¡´�±3?Û�mu¢?Û&E"

i;�5�3ã2.20¥�Ñ"ù
5�´ÐÚ�§��DictId �a.(½�

�"DictId´i;^8�I£�a."Ï~¦�´Sïa.String§½´�©a

.int§½´���¹õ�a.�|�öa"¦^i;ADT5�O���`:´

·��±3¦^i;ADT��{�OÐ
��25?Øi;�5�"·��±

Mï����i;§2òé(id,info)�\Ù¥"·��±�Î?¿id´Ø´3i

;S§XJ3·��±u¢Ñp¡�&E"éu�Ö¥�A^§ÑØI�íØö

�§�´Ù¦A^§�U¬I���íØö�"

i;ADT3�OÄ��{£110Ù¤¥�~k^"i;��±�B�P¹	

Ü�¶i£Ï~´Ñ\�iÎG¤§¤±§S�±û½�c§´Äw�Lù�¶

i§�´1�gw�ù�¶i"~X§?ÈìI�P¹�cw�L@
êâ¶i

ÚL§�¶i"
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UnionFind create(int n)

preconditionsµÃ

postconditionsµXJsets=create(n),Kµ

1. setsÚ^��#Mï�é�¶

2. éu1 ≤ e ≤ nkfind(sets,e)=e, éue�Ù¦�´�½Â�;

int find(UnionFind sets, int e)

preconditionsµ8Üe®²Mï
§�±´�makeSet(sets, e)Mï��±

´createMï�"

void makeSet(UnionFInd sets, int e)

preconditionsµfind(sets,e)�½Â"

postconditionsµfind(sets,e)=e;Ò´`§e´�¹e�Õá8Ü�8Üid"

void union(UnionFInd sets, int s, int t)

preconditionsµ find(sets,e)=s± 9find(sets,t)=t§Ò ´ `sÚtÑ´ 8 Üid½

´leader"�ks 6= t.

postconditionsµ -/sets/Ú ^ ö � � c � 8 Ü" K é u ¤ k

�xkfind(/sets/,x)=s½öfind(/sets/,x)=t§·�y3kfind(sets,x)=u"u��

ò´s½t"¤kÙ¦�N^2Ù¦ö��c�£Ó���"

Figure 2.19: UnionFind ADT�5�"�E¼ê´create¶find´��¼

ê§makeSetÚunion´?n¼ê
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Dict create()

preconditionsµÃ

postconditionsµXJd=create(),Kµ

1. dÚ^��#Mï�é�¶

2. éu?¿idkmember(d,id)=false"

boolean member(Dict d, DictId id)

preconditions:Ã

Object retrieve(Dict d, DictId id)

preconditions:Object retrieve(Dict d, DictId id)10

void store(Dict d,DictId id, Object info)

preconditionsµÃ

postconditionsµ

1. retrieve(d,id)=info;

2. member(d,id)=true;

Figure 2.20: i;ADT�5�§�DictId�½�,�äNa.â�±"�E¼ê

´create¶memberÚretrieve´��¼ê¶store´?n¼ê"a¥'Object��

�&Eêâ�5�±aq��{½Â"
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3.1 Vã
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3.2 48L§
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3.2.1 ¹ÄvµeÚ48L§N^

�!éL§N^�¢y�ª�Ñ��V�ÚÄ��£ã§ù�¢y�´4

8�ó�Ä:"��[�£ã§�ë��Ù�¡�5ºÚÚ^Ö8"

3$1�£runtime¤ü�L§N^�Ä���;ü���¹Äv"ù�v

�L§�ÛÜCþ!¢SëêÚ?Èì�/��Cþ0Jø
�;�m§XJL

§k�£��{��)�£���m"§��)
Ù¦�PI���m§'X

�£/�§ù�/��«3�L§òÑ��§ST�1��-3@p"Ïd§

Jø
é�gN^���L§�v"

lvæÒ£²~{¡�/æÒ0¤©��;�m��èd?Èì�)§ùÜ

©�è��L§N^��Ü©"ù��md��A½�M�ìÚ^§����

v��§Ïd��L§N^m©§§Ò��§�ÛÜCþ!Ñ\ëêÚ�£�Ñ

�;3�o/�"z��¹Ä�L§N^Ñk��Õá�¹Äv"��L§N

^lL§?\�L§òÑÑ´k��"XJu)48§¤kÓ��3�48L

§ÑkØÓ�v"�L§N £̂ÃØ48�Ä¤òÑ§§�¹Ävò�gÄ�º

�§u´ù¬�mÒ�±�ò5�L§N^¦^"w«¹ÄvG��Ãó�1

�è��¹ÄJl£activation trace¤"

~ 3.1 Fibonacciê��¹Äv

ã3.1Ð«
�main¼ê�1x=fib(3)�§Fibonacci¼ê¥¹ÄJl���

 �"fib���èXe

i n t f i b ( i n t n)

{

i n t f , f1 , f 2 ;

1 : i f (n<2)

2 : f=n ;

3 : e l s e

{

4 : f1=f i b (n−1);

5 : f2=( f i b (n−2);

6 : f=f1+f2 ;

}

7 : r e tu rn f ;

}

ùã�è�²
�
ÛÜCþ§?ÈìÏ~�ÛÜCþ�)����m§u

´·�Ò�±�[��ïÄ¹Äv"̄ ¢þXÓNõ48½Â�¼ê��§fib¼

ê�±�¤� /̂%Ô0�éµ

return n < 2?n : fib(n− 1) + fib(n− 2);
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�´ù«/ª4·�Jl¹ÄP¹Ø´é�B"

ã3.1¥��º1´3fib(3)N^�cvæÒ§e�1´fib?\��væÒ"

ve¡w«�1Ò´ò���1�§XJvØ´væÒºÜ�K1Ò´�1¥

��1"§S��16o´3Òº�¹Äv"¥"§¤±Ù¦ve¡�1ÒÐ«


3L§N^(å��16ò���#� ��æÒv"z��ÛÜCþ��

Ð«3kÒ�¡"vk��CþK´�vkÐ©z"

����1Ð«
�1�141§d�,��¼êN^u)"£Ò´`48

�vkm©"¤�
!��m§e�1�Ñ
l11�41�L§§=w«3e�

�¼êN^���141"ùgN^l2�71§q��Ó��N^L§¶f�É�

�§ùgN^ò�£"�����1Ð«
c�gN^�£�´1¶§�£���

;�f1§151ò��1"

m��ºÜÐ«
�¼êN^fib(0)��171��/¶§ò�£
"fib(1)¼

êN^�)�¹Äv�my3®²�E^
"�e5�3�Ð«
N^fib(2)�

�¤"§��£���;2N^fib(3)�¹Äv¥f1S"ù�¹Äv���151"

e��¼êN^2g*ÐæÒ"��æÒÒ�c¡��­Eó�
"

·�-��{ü�é´��L§¥Ø2N^L§��é"Ò�þ¡J�

�fib ��è§�±rL§�¤z1��L§N^½´{ü�é��5S�"b

�z��{ü�é$1~ê�m§
��P��¼êN^�� £̧��e��¹

Äv�¤�´~ê�m"Ïdkµ

Ún 3.1 3Ø�while½forÌ�§�´�Uk48L§N^�O�L§¥§o

�O��m´Θ(C))§ùpC´3O�¥L§N^�oê£�)��L§N^�

¼ê¤"

�´?¿L§�5�L7L´gØC�¶Ò´`Ø¬ÏÑ\�ØÓ
ØÓ"

3?¿�½�{¥§éu�{¥¤k�L§Ñk�����L"z�g$1�{

�o�m§(½´ÒºØÓ�m¹Äv�L�L§N^��m�oÚ"��±

Ün�b½§du�Pó���3§z��¹ÄvÑ¬�Ñ�m§=¦§´á

=/�£0�"ù
�·�©Û48O��$1�m�rkåóä"

½n 3.2 3Ø�while½forÌ��´�U�¹48N^�O�¥§o�O��

m´Θ(C)§ùpC´3O�L§¥N^�oê£�)��L§N^�¼ê¤"

?�Ú�§·��±½Â¹Ää£activation tree¤5�3�{�g$1¥¤

kL§N^�±ÈP¹"z��!:�L��ØÓ�L§N^§P¹� �´

3L§ò��£�@�:"�´�{�\�:"z��!:�I!:´ù�!

:Mï�3væÒºÜ�@�!:"z��!:�f!:l��m´¦��¹

ÄvMï�^S"ã3.2´�~f"
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3.2. 48L§ 83

fib
n:3
f1:1
f2:1
f:2

fib
n:2
f1:1
f2:0
f:1

fib
n:1
f1:
f2:
f:1

fib
n:1
f1:
f2:
f:1

fib
n:0
f1:
f2:
f:0

Figure 3.2: fib(3)�¹Ää

´"£37.4.1!��Ý`k�é�·�£�ù«éA5¤33.7.3�!¥·�¬u

�¹ÄäÚ48�ª�m�'X"ùé©Û48�{´ék�Ï�"

3.2.2 48�J«¨Method 99

éup?��{mu§48´�«7Ø����OEâ"éu48��

�g�?Ø�Ñ
�Ö���§�´ùpk��J«"�±ë��Ù�¡

�NotesÚReferences �?�Ú�Ö"

(½�e\�?��¼ê½L§�)û�¯K�/Ýþü�0",�b½\

�task �k��L§��p§p�±?n0¨100�5�"ùÒ¿�X§�O)û�

Y��ÿ\7L�Ä��100�5�–ùÒ´\�/fantasy precondition0"

Ó��§b½\�±N^���½�f~§§�p99§§��\�L§��

�¯�§kÓ��¼ê�.§�´§�/fantasy precondition0́ 5�0�99"#

N\¦^ù�f~§£��ëêÎÜ§�precondition¤§\Ø7�§��è"

1���¢´á�Ù\�§S�48��¹"ò�48��¹á�¦�

U��"\�L§òo´lÿÁù«�48�¹m©§���Ä��¹£base

case¤"

����½´û½pÑ\¯K�5�fÐ´100/too expensive0"£·��

±¦b�5�´1,000,000,000§�´method 999,999,999��
"¤�´ò§�5

�û½¤0½´���~þ´���1�"

y3Method 99�Ñ
ÏLN^p995�p��«�{"£\ØI��p99§¤

±Ø��§"¤�,§XJp´��é{ü��¹§KØI�N^p99"'���

:´§�puÿ�¯KØUá=)û��ÿ§§ÒI�Mï��f¯Kp99±)
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û�§ù÷ve�3«�¹µ

1. f¯K�5�'p¯K�5��"

2. f¯K�5�'���5���£ùp���5�´0¤"

3. f¯K÷vp99�Ù¦preconditions£Úp�precondition´���"¤"

3·��b�¥§f¯K�y÷vp99�5��å£��oº¤"

XJ\�±Uù«�ª©)¯K§\ÒÄ�þ)û
¯K
"�´�¤p�

�è§3I���ÿN^p99"

4·�¢��e���delete(L,x)§Ò´lIntList¥íØ��x§�£��

#��¹¤kL����´Ø�¹x�IntList"X��UØ�¹3L¥"£2.3.2�

!?Ø
IntList ADT,¦�cons´�E¼ê§firstÚrest´��¼ê§~þnilL

«´�L"¤

�
·^Method99§·�b�·��I��Älist�õ¹k100�����

¹§
�·�kdelete99�±¦^"w,§XJ·��±lL¥�Ø����£'

X1��¤§K·��±4delete99�?nrest£L¤"·�Ø��rest£L¤¥�

kõ���§�´·�æ�
°²�¢S��ÝµXJLk100���§KN

^delete99Ò´ok�"XJ�L100�´Ø¬u)�£3·��b�¥¤·�=b

�delete�U?n100���½´���"

du1���¢§·�I�ÿÁ����¹"�o´����¹QºQ,#

NxØ3L¥§@o�L�´�U�"Ø
�L§�k�«�¹I�êþ)û
Ø

I�N^delete99µ=x´L�1����"3ù«�¹e§·��I�{ü��

£rest(L)Ò�¤
8I"

y3·�Ò^Method995¢ydeleteL§"

I n tL i s t d e l e t e ( I n tL i s t L , i n t x )

{

I n tL i s t newL , f ixedL ;

i f (L==n i l )

newL=L ;

e l s e

i f ( x==f i r s t (L) )

newL=r e s t (L ) ;

e l s e

f ixedL= de l e t e99 ( r e s t (L , x ) ;

newL= cons ( f i s r t (L , f ixedL ) ;

r e turn newL ;

}

Ok§�
�¤ó�§�I�òf~§�99�K§U¤48N^"
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delete�L§�·ÜÊÏ|¢~§£ë�½Â1.12¤µXJ3vkêâÒ�

}¶XJù�êâ|¢�
Ò¤õ£3þ¡�~fp´íØ
¤¶ÄKUY|¢

�e�êâ"

3.2.3 48L§��Cì

²~���?Ök�Ü©=3m©½(å��ÿ��g"3ù«�¹e§\

I�ò�48L§ÕáÑ5§2N^48L§"·�¡ù��48L§´48

L§��Cì"k�ÿ�Cì�´{ü�Ð©z48L§�ëê"~X�©�

é£�{1.4¤I����Cì¦1�g48k��"�Cì�U{üXeµ

i n t orderSearch ( i n t [ ] E, i n t n , i n t k )

{

return binarySearch (E, 0 , n−1, K) ;

}

3.3 �o´y²

2m©0�y²�c§4·�é�o´y²���£�"31.3.3�!J�


§Ü6´��5�zg,�ó�XÚ§ÏLÜ6·�ín��°("y²´^

Ü6�éín�(J"�!£ã�[�y²"¢�¥<�~�Ñéõ[!§ò[

!3�Öö�W¿¶ù��Ö��°(�ù��y²µe "

½n!ÚnÚíØÑ´�±�y²��é§¦��m�«O¿Ø´�©²

w"��5`§<�éÚn�,�Ø´§��§Ún�­�3u§U�Ïy²<

�a,��·K§��¡�½n"íØ��´½n�{ü(J§�´¿Ø´Ø­

�"Ø+�y²��é�/·K0!/½n0!/Ún0!/íØ0½´Ù¦�oâ�§

y²L§´���"·�ò¦^·K��/��50�â�"

y²´ÎÜÜ65K��éS�"z���é3/ª�{�¡þùÑ´�

�complete sentenceµ§k��Ì�Ú��¢c§��"¦+êÆÎÒJø
�

« �§�´�é�´�L��complete sentence"~X§/x=y+10�L/x�

uy+10§ù´�����éf§
/y+10gCÒØ´��éf"

ùp°(�òÜ6�é|Ü¤y²�inference rules�±Ã¢¦��Ñ

5§·�ò�Ñ'�õ���ª�5K"�­��5K31.3.3�!�Ñ§�

ª1.29�1.31"z���éÑ�±le¡�¯¢�Ñ#�(Ø

• ¯¤±��§�Ø´\ò�y²�£~X§êÆð�ª¤§½

• \�y²�½n�b½£cJ¤§½

• 3c¡�y²¥®²ïá��é£¥m(Ø¤§½´item inductive hypoth-

esis�¢~§33.4.1�!?Ø
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y²������é7L´�y²·K�(Ø"���y²©ÐA«�¹�§z

�«�¹Ý7L�Ìþ¡�"

z���éØ=��Ñ#�(Ø§
�7L�Ñ|±(Ø�¯¢"��|

±#(Ø��é¡�#(Øjustification"¹
�justification´�õêÜ6�Ø

��Ï"

½n½·K��ª

\I�y²�·Kkü�Ü©§b�£���cJpremises½hypotheses¤

Ú(Ø"·�ò(Ø¡�8I�é"Ï~§·Kk��.X/éu8ÜW¥¤k

���x0�Ü©§8I�é´'ux�"£�U3�é¥kA�aqx�Cþ"¤

¢�¥§8ÜW£­.� �¤́ �x8Ü'Xg,ê!¢ê½´�xêâ(�

'Xlist!ä!ã"-�y²�·KkXe/ª

∀x ∈W [A(x)⇒ C(x)] (3.1)

ùpA[x]L«b�§
C[x]L«(Ø½��8I�é"ÎÒ⇒Ö�/%º0"�)
Ò=´�
��Ö¶¦�Ú	)Ò��"3g,�ó¥·K�é²~´ù��/

ª/éu¤k�W¥�x§XJA(x)§KC(x)"0̂ ck�«Cz"Ï~§·�I

�ò�õêg,�é/Q0¤�«�þ¡ù��IO/ª§3·��y²�c§

·�I���x§W§A(x)§C(x)©O�L�o"

~ 3.2 ��·K�UL«�µ

·K 3.3 éu~êα < β§2αn ∈ o(2βn)"

òÙ5�¤�ª3.1�/ª§

·K 3.4 éu¤kα ∈ R§éu¤kβ ∈ R§XJαÚβ´~ê�α < β§K2αn ∈
o(2βn)"

4·�5u�üö�éA'X"w,��|(α, β)éAx§R×R éAW"Ún�

cJA(x)k3^�éµ/α´~ê0§/β´~ê0�/α < β0"(ØC(x)´/2αn ∈
o(2βn0"

V�y²�ª

·�y3£ã�«V��ª^uy²�L«"ù«�ª�8�´�
4y

²¥�justifications��ß¶m��¹¤k�justifications"z��y²�éÓ

^�1Ò��1"z��3�>�#(Ø§�justificationsÑ3m>"Ú^c¡

®²y²��é´ÏL§�1Ò"

~ 3.3 ~3.2��éò^V��ª5y²"½nÚy²Ñ���~�[§���

�y²¥XÛ�justifications��~"·��)¤k�¤k�y²öÏ~¬Ï�

ÖögCWþ�Ü©"
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½n 3.5 éu¤kα ∈ R§éu¤kβ ∈ R§XJαÚβ´~ê�α < β§K2αn ∈
o(2βn)

y²µ

�é Justification

1.Äk·��Ð«limn→∞
2βn

2αn =∞
2. 2βn

2αn = 2(β−α)n êÆð�ª

3.β > α�Ñ´~ê ½n�cJ¦êÆð�ª

4.limn→∞ 2(β−α)n =∞ £3¤¦®��êÆ½n

5.limn→∞
2βn

2αn =∞ £2¤¦£4¤Ú�\

6.2αn ∈ o(2βn £5¤+o 8Ü�½Â£½Â1.17¤

A:5¿¯�µ

1. Ø
|¤y²ÌK��é§����)�
/´�0½ /́Oy0�é5`

²e¡�y²�ã�8�§½´�¦^��{Ø§½´�
�¤y²�I

��ãá��"

1�1Ò´��Oy�é§Ø�¹?Û(Ø"Ïd§ØU��¡��éÚ

^§§�ØI�justification"§w�Öö�¤õy²���¥m8I"ù

�8I3151�¤"

2. ���1�#(ØÒ´½n�8I�é"

3. Ù¦�¤k1Ñ���justification�Ú^
vk?ÛL¤"

�
4y²��!6�§±V��ª�Ñ�
(Ø�[!´��éÐ�º

�"Ï~�¤y²µe�[!´kÃ�§�±4\��z��#�é´No�

Ñ�"

3.4 8By²

8By²´y²��'uÃ��é��8Ü��é���«Å�§Ï

~�´���Å�"·�ùp£ã�8B�{Ï~��r8B"r8B´^

u�õê'u�{Úêâ(��y²¥�{ü�/ª"=¦k�ÿØI�

r8B§�´¦^¦^r8B�¿Ø'¦^§�fz���J"Ïd·�æ

^"one-size-fits-all"��K§o´¦^r8B"

·�ò¬w�48Ú8B£r8B¤�Ü��~�{"l��¡ù§y²´

(J�§·�I�¦�U�¦�y²�n)§��°("8By²Ú48L§�

�(��aq5´3y²E,�{��­�óä"

3�õê�¹e8B{´3g,ê8Ü£�K�ê§1.5.1�!¤½´��ê

8Üþ"�,§8B{3����8Ü�´k��§��¦�Jøü�á5µ
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A B C D E F

A

B

A

B

A

B

A

B

C D

E F B

A E

C

Figure 3.3: Ð«�ä�8Ü�m�subtree partial order

1. 8Ü´Ü©kS�¶Ò´`§3,
��èþ½Âk^S'X§�´�U

¿Ø´½Â3¤k���éþ"

2. 8Ü¥vkÃ��üS��ó"

~X§3¤k�ê�8ÜþÒØU¦^8B{"

äÒ´��Ü©kS�8Ü§²~éä¦^8B{"~^�Ü©^S

´µt1 < t2§�t1´t2�properfä�£ë�ã3.3¤"�¡·�òw�ãk��a

q�Ü©^S"3ù��8Üþ?1�8B�(�z8B{"

;.�I�8B{5y²�½n�)µêÆúª�½n!êâ(�á5�

½n!48�ª�½n!ù
²~3©Û48L§�$1�m�^�"3.5!C

X
@
I�y²L§�¤
§�8I¿¬�(�ª��½n"3.6!CX
;

.�48�ª"

3.4.1 8By²��ª

8By²�1��¯Ò´µ

There is no such thing as "n+1" in an induction proof.

Ø3�´§éõÖöÆ�
Ù¦�"��o·�rù��^�3ùpQº

�Y3·�@k�Ñ�ÄÅ¥–�
ò48Ú8BéXå5"·����

�48L§´MïÚ)û��f¯K§2Ü¿f¯K5)ûÌ�¯K"·�F
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"·��48y²�æ^ù��ª"éuy²5`§/Ì�¯K0́ �¦�½n§


/f¯K0́ �¦�½n���¢~§ù
��¢~�±Ü¿å5y²Ì��

¢~"¢�¥§ù
��¢~�Øõ��éA48L§Mï�°(�f¯K"

¤k�48y²�Ì��Ï^��ª§·�¡��induction schema"Schema

�'��Ü©´inductive hypothesis��(Ú\"Äk§·��Ñ��y²�~

f§��·�£ã���schema§e¡´A�~f"

~ 3.4 e¡½n�y²Ð«
induction schema§3~f��·�ò£ãÙ�

�/ª"±yNL«�Ú½A�¬Ñy3¤k8By²�[!¥"e¡�Ñ
y

²�[!§·�¦^c¡J��V�y²�ª"

·K 3.6 éu¤kn ≥ 0§
n
∑

i=1

= i(i+1)
2 = n(n+1)(n+2)

6 "

y²:

�é Justification

1.y²8Bn§5�ÑÚ�þ�

2.Ä��¹´n=0

3.d��ª�ü>Ñ�u0 êÆ

4. éun > 0§b�
n
∑

i=1

= i(i+1)
2 = n(n+1)(n+2)

6 éu¤kk ≥ 0�k < n¤á

5.
n−1
∑

i=1

= i(i+1)
2 = (n−1)n(n+1

6 �\k = n− 1

6.
n
∑

i=1

=
n−1
∑

i=1

i(i+1)
2 + n(n+1)

2 êÆ

7.
n
∑

i=1

= (n−1)n(n+1)
6 + n(n+1)

2 £5¤¦£6¤

8. (n−1)n(n+1)
6 + n(n+1)

2 = n(n+1)(n+2)
6 êÆ

9.
n
∑

i=1

= i(i+1)
2 = n(n+1)(n+2

6 £7¤¦£8¤

�1�1�)º:

1. n´Ì��8BCþ"5¿·K�/ª´∀n ∈ N [A(n) ⇒ C(n)]"ù

pA(n)´{ütrue§
C(n)´�ª"

2. ��8By²©ªkü«Ì��¹§¡�Ä��¹Ú8B�¹"k�´Ä

��¹s£Eê¤"

3. y²Ä��¹s

4. Ú\9ÏCþk§?148b�"5¿48b�´A(n)⇒ C(n) �/ª§£

�ù�·K§A(n)==´true¶

5¿k����)Ä��¹"

5¿k7Lî��un¶ÄK·��b�Ò®²�)
·��y²�"
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48b��é�I�X48�¹y²�m©"

5. ¦^48b�"£5¿·�ò/.�n0"¤9ÏCþk3ùpb��
n-1"Q

,·�y²n > 0��¹§k�ù��÷v0 ≤ k < 0§Ò�3141�¦�"

9ÏCþk�±3Ù¦1b����S�Ù¦�"ù´r8B���Ð?"

3ù�{ü�~f¥§TÐØI�òkb��O��

6. Justification´��IOêÆ�ª§b�ÖöÑ��"

7. Justification�Ñc¡�ü1|±ù�#(Ø§�´ØÎÜ^��íØ5

K§b�ÖöU�Ñ5"

8. æ^
,��êÆ�ª"¢S¥§161�191�±Ü¿¤�1§b�Ö

ö�±�Ñù
Ú½"�´§ù��ß �U��Nõ�Ø�/y²0"y

²ö7L�%=
°(�Ú½I��Ñ5"

9. (ØTÐ´8I�éC(n)"

c¡�y²�Ì
�«�ª§ù«�ª�±�z¤e¡�schema"5¿�

��â�§·K �±´½n!Ún!íØ½´Ù¦term§ÑØ¬UCy²L§"

½Â 3.1 8By²�ª

Äk·�)ºe¡�ª^��ÎÒ"yN�SN­�L«­��SN"3�

)Ò/<0/>0�m�^8´I��ây²�·K5O��"aq�§CþxÚy�

´�â·KCz�"¦�38ÜW£world¤�¥"Ü6�éC(x)��8I�é"

Ü6�éA(x) ��·Kb�£½´b�s§XJ§´��Ü�ª¤"Cþx��Ì

�8BCþ£½{¡8BCþ¤"Cþy��9ÏCþ"

��/X

∀x ∈W [A(x)⇒ C(x)]

�·K�8By²de¡�AÜ©|¤"

1. y²´8Bx§<£ãx>"

2. Ä��¹ £́�¹s´¤<Ä��¹>"

3. <y²Ä��¹�8I�é§=�\Ä��¹§Ò´C(base− case)>"

4. éu<X>�u<Ä��¹>§b�éu¤k�y ∈ W�y < xÑk[A(x) ⇒
C(x)]"

5. <y²8I�é§C(x)§Ò´·KÑy�">
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��8By²kü�Ì��¹µÄ��¹Ú48�¹"�ª�12Ú½Â


Ä��¹¶13Úy²Ä��¹e½n¤á"14Ú½Â
48�¹§
�¦^


48b�"15Úy²48�¹e½n¤á§ùÏ~´y²�Ì�Ü©"C(x)�

y²�±de¡Ü©|±µ

1. x�u<Ä��¹>¶

2. ·K�b�§A(x)£Ø´A(y)¤¶

3. ?¿êþ�8Bb��¢~§[A(x) ⇒ C(x)]§�9ÏCþy�\î��

ux�W���"

ÚÊÏ�y²��§y²¥®²y²�(Ø§	ÜI£!½nÑ�±¦^"

n����é#NØ�justification§Ï�¦�vk�Ñ?Û(Ø¶¦��

´{ü�)º
y²��ª±9½Â
�
ÎÒ"¦�´

• /y²´8Bx,0

• /Ä��¹´,0

• /éux > <Ä��¹>§b�éu¤k�y < xÑk[A(y)⇒ C(y)]"0

�ü��éòy²©¤
ü«�¹µx´Ä��¹§x�uÄ��¹"ü«�¹7

LCX��W§=CX¤kx¤k���"

8B�ª�CN

1. XJb�A(x)¿Ø¢S�6ux§K48b��±{z¤µb�C(x)éu

¤ky ∈ W�y�uxÑ¤á"\7LU)ºwhy simplification is justified

referring back to the justifications for proof statements.

2. XJ8BI�õu���kg?�¹§'XFibonacciê��ª1.13§�±

kü�½õ�Ä��¹"�´§�Ð=Ú\8B�¹7L����§Ï�

z��Ä��¹ÑI�§gC�y²"

3. �8B��êâ(���ÿ'Xlist!tree!ã½Ù¦=kÜ©^S�8Ü§

�±kõ�Ä��¹��"3ã3.3¥6�ü�ê´Ä��¹"

3.4.2 8By²��48L§

e��~fÐ«
8BÚ48´N��åó��"·�ò�y²�Ún´

'u��O�2-tree�external´»�Ý�L§�§ù3.�©Û¥ék^£ë

�4.7.3�!¤"External´»�Ý3�
Ù¦�¯K¥g,��JÑ"Äk·�

I��
½Â"
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½Â 3.2 External!:Ú2-tree

��äÄ�a.¥Ø
�ä	�Ä��¹§́ �k��!:�ä§ù�!:

�a.�ä�e!:�a.ØÓ"ù«!:�external !:"��dexternal!

: |¤�ä��f§§vk?Ûfä
"Ù¦!:�a.´internal!:§§7

Lkü�¯f"ù����ä�2-trees§Ï�z�!:�okü�¯f§�ov

k"

5¿§XJ·�ò2-tree¥¤k�external!:O�¤�ä§K¬�e���

~�§Øî����ä"32-tree¥u���!:´Ä´�f!:Ï~ØI��

äù�!:´Äk¯f§Ï��f!:�a.�internal!:Ø��"öS3.1Ð

«
��2-tree�external!:7L'internal!:���õ��"

½Â 3.3 External´»�Ý

32-treeät¥§t�external´»�Ý´��¤kexternal!:´»�Ý�Ú"

´»��Ý´´»�>ê"�À�§2-tree�external´»�Ý�±48½ÂX

eµ

1. �f�external´»�Ý´0"

2. -t´����f!:§§k�fäLÚmfäR£üöÑ�U´�f¤"t�external

´»�Ý�uL�external´»�Ý¦L�external!:ê¦R�external´

»�Ý¦R�external!:ê"£t�external!:�êþ´LÚR�external!

:êþ�Ú"¤

ü�½Â��d5´éw,�§Ï�z�^lt���L¥�external!:�

´»Ñ'lL���ù�!:�´»�õ1§R´aq�"

2.3.3�!���äH{µe�±{ü�*Ð¤O�external´»�Ý"ëê

�a.´TwoTree§Ù½Âaq�BinTree§Ø
���ä´�f±	§BinTree�

��ä´�ä"Ä��¹����A�?U"¼êI��£ü��§¤±·�

I�½Â��|�öa£ë�1.2.2�!¤§a¶�EplReturn§kü��ê¤


eplÚextNum§©OL«external´»��ÝÚexternal!:�ê8"·�w�

¼ê�´{ü�¢y
48½Â"·�y3Uy²'ucalEpl�Ún"

Ún 3.7 -t´?¿2-tree"-eplÚm©O´calcEpl(t)�£�eplÚextReturn�

�"Kµ

1. epl´t�external´»��Ý"

2. m´t�eexternal!:�ê8

3. epl ≥ m lg(m)
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EplReturn ca l cEp l ( TwoTree t )

{

EplReturn ansL , ansR ; // fä�£�

EplReturn ans =new EplReturn ( ) ; // ��£�

1 . i f ( t ´�f)

2 . ans . ep l =0; ans . extNum=1;

3 . e l s e

{

4 . ansL= ca l cEp l ( l e f t S ub t r e e ( t ) ) ;

5 . ansR= ca l cEp l ( r i ghtSubt r e e ( t ) ) ;

6 . ans . ep l=ansL . ep l+ ans . ep l+

ansL . extNum+ ansR . extNum ;

7 . ans . extNum =ansL . extNum +ansR . extNum ;

}

8 . r e turn ans ;

}

Figure 3.4: O�2-tree external´»�Ý�¼ê"�£a.EplReturn´��|

�öa§̂ u¼ê�£2��eplÚextNum"

y²µ3y²Ún�c§4·�krÚn��éÚ·�c¡�y²�ª'

éå5§�ª3.1"5¿�
�ÖrÚn©¤
A�éf"Ïdt´Ì��48C

þ
W´¤k2-tree�8Ü"1��éf�Lb�§¤±L«A(t)"���n�

(Ø|¤C(t)"Úc¡�~f��§oNL«
3?Û48y²¥�'�Ü©"

y²´8BcalcEpl�ëêt§t with the "subtree" partial order"Ä��¹´t

´�f"��calcEpl�121�§epl=0Úm=1§ùÎÜ£1¤£2¤§��ÎÜ£3¤"

�tØ´�f§b�Únéu¤ksÑ¤á§Ù¥s´t�î�fä"�Ò´`§

XJeplsÚms´calcEpl(s)�£��§Kms´s�external!:�êþ§epls´s�

	Ü´»��Ý§epls ≥ ms lg(ms) "-LÚR©OL«t��mfä"ùp7L

�¦´î�fä§Ïd�±æ^48b�"Ï�t´Ø´�f§ò�1l141�

171��è§Kke¡��ª

epl = eplL + eplR + mL + mR

m = mL + mR

ÏL48b�Úexteranl´»�Ý�48½Â§epl´t´exteranl´»�

Ý"t�z��external!:Ñ´Ó�´L½R�external!:§¤±m´t�external!

:�ê8"
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�e�´y²"·�5¿�£ë�öS3.2¤¼êx lg x3x > 0�´à�§¤

±·��±¦^Ún1.3"ÏL8Bb�·�k

epl ≥ mL lg(mL) + mR lg(mR) + m

mL lg(mL) + mR lg(mR) ≥ 2(
mL + mR

2
) lg(

mL + mR

2
)

du/≥0�D45§

epl ≥ m(lg(m)− 1) + m = m lg(m)

íØ 3.8 ��2-tree�external´»�Ýeplk.�µepl ≥ (n + 1) lg(n + 1)"

y²µz��kn�internal!:�2-treeÑk(n+1)�external!:£ë�ö

S3.1¤æ^Ún3.7"

²~u)48L§I�^|�öa�£õ�ëê��¹§=¦�I���

þ§�´�£õ�ëêk|u{z§S"3ù�~fp¡§extNumØI�3�

Î§,´348L§¥�£§¬4��{z�e�O�"éuÙ¦�~f§ë�

öS3.13§ù�öS�¦\�O��¼ê5O�äº:�Õá8Ü����"

3.5 y²/L§0��(5

Things should be made as simple as possible-but not simpler.

-Albert Einstein

��@�y²��§S��(5Á��ý"�(J?Ö§���§S",


§y²�(5éu)û¯KÚ�)�(ó��§S5`´kd��¹Ä"ü�

´±®²y²��(�§S�º���§S"·�¡��y²lÐº�"·�

�y²AT´U�Ï·�§
Ø´¤��	�Kú"4y²�Ï·���{´±

y²lÐº��§S§½ö��U3y²lÐº�Úk�Ç�º��mUC"

3ù�!p¡·�ïá�@y²�{§l{ü�m©ÅìE,§�´�

�¬��E,�§Ý"·�uÐ�º�ò¬^3ù�Öp¡"Ä:´üD

�paradigmÚ48"üD�paradigm33.5.3�!Ú\"

3.5.1 ½ÂÚâ�

Block´�ã�è§blockk���\�Ú���Ñ�"Blocks´§S�è

ÚL§�è�Ì�Ü©"��L§´���¶i�block"L§~¦^�
ë

ê£parameters¤§±·��n)5`§ëê�±´Ñ\��±ÑÑ�"�
{z

¯K§·�b�vkëê´Q^uÑ\�^uÑÑ¶�±�Oü�ëê©O�

¤Ñ\ÚÑÑ"�k§·�b�Ñ\ëê3L§�1L§¥Ø¬�?U"XJ

I�?U§òrëêE����ÛÜCþ¥"ù��½#N·�òÑ\ëê�
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block

block1

block2
if (conditions)

THEN
true-

block

ELSE
false-

block

z=f(x,y)

f(x,y)

sequence alternation procedure call

Figure 3.5: Ä���(�

�postconditions without having to specify that we are referring to the values

at the time of entry.

��¼ê´���ÑÑëê�L§¶XJkõ�ÑÑëê·��±b�¦

��µC3��|�öaé�£ë�1.2.2!¤§Ïd¦��±���return�é

�£"Ï�=k��Ñ�:§¤±return�é7L´ù�Ñ�:"ù�/ª#N

·�ò¼ê����AÏ�L§?n"

��L§Ï~ØÚ^�ÛÜêâ§=Ø3L§�Þ§�Ø3L§�N¥½Â

�?Ûêâ"¢Sþ§XJ��L§vkÑÑëê§N^§U�)�J����

{´Ú^�ÛÜêâ"Ó��§L§�±½ÂÛÜêâ"3L§�1�L§¥§

L§�ëê��±@�´�«ÛÜêâ"

��3L§¥�block��±Ú^�ÛÜêâ§=3block�	½Â�êâ"

ù����Ûêâ"ù�±´	�blockµC�êâ§½ö´L§�	�êâ§o

�´ÎÜ¦^��ó���5K§U�¯��êâ"

éuê|7LAO`²�e"XJòê|����ëêD4§ê|�Ú^

�@�´ÛÜêâ§�´ê|�SN�@�´�ÛÜêâ"a��§3Java¥§

��é��Ú^ ´ÛÜ�§�´é��¢~�´�ÛÜ�"�#�ÛÜêâé

u,
�{��Ç�~­�§�´�y²�(5�5
é��æ�"

3.5.2 Ä���(�

��(�´��ØÓ�block��1�Å�"�m©·�=�Ä3«��(

�£ë�ã3.5¤µ^S£block1§��block2¤§ÀJ£if^� then block1§else

block2¤§ÚL§N^"3·��Ä�y²�{Æ¥�ÑforÚwhileÌ�´A¿

�"3uÐÑÄ��{Æ��§·�?Ø3«�E�·A5£33.5.4�!¤"

·�UØ^Ì��Ñ?¿�^�§Síº¯¯��Y´"yes""�±¦^4

8§§
�^48��'^Ì��{ü"

/y²�(50¿�Xy²��L§�A½Ü6�é"~X/limited

warranty0§statements are phrased carefully, so that sweeping that a proof

would be hopelessly difficult. y3·�£ãù
�é�/ª"

½Â 3.4 Precondition, postcondition§Ú5�
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Precondition´��'uÑ\ëêÚ��block£�)L§Ú¼ê¤�ÛÜê

â�Ü6�é§3block?\��ÿ§preconditionAT´ý"Postcondition´�

�'uÑ\ëê!ÑÑëê!block��ÛÜêâ�Ü6�é§3blockòÑ��

ÿ§postconditionAT´ý"Block�5�´preconditionsÚpostconditions§¦�

£ã
block�(�1�"

z��block£�)L§Ú¼ê¤7Lk5�§XJ·��y²§��(5

�{"�
y²�(�1�§y²e¡/ª�ÚnÒv

"

·K 3.9£Ï^�(5Ún/ª¤XJ�block?\��ÿ¤k�preconditionsÑ

÷v§KblockòÑ��ÿ¤k�postconditionsÑAT´ý"

b���block�±©�^S(�µblock1 then block2"�
y²block��

(5§y²Xe/ª�ÚnÒv

µ

·K 3.10£^S(��(5Ún/ª¤

1. Block�preconditions�¹
block1�preconditions"

2. Block1�postconditions�¹
block2�preconditions"

3. Block2�postconditions�¹
block�postconditions"

b���block�±©�ÀJ(�µif£condition¤then true-block§else false-

block"�
y²block��(5§y²Xe/ª�ÚnÒv

µ

·K 3.11£ÀJ(��(5/ª¤

1. Block�preconditionsÜ6�condtion�ý�¹
true-block�preconditions"

2. True-block�postconditionÜ6�condition�ý£3true-block?\���¤

�¹
block�postcondition"

3. Block�preconditionsÜ6�condtion�b�¹
false-block�preconditions"

4. False-block�postconditionÜ6�condition�b£3false-block?\���¤

�¹
block�postcondition"

ã3.6Ð«
·K3.10 Ú3.11´XÛ?1|Ü±¼�aq·K3.9�y²/ª

�"

b���blockd��L§N^|¤"�
y²block��(5§y²Xe/

ª�ÚnÒv

µ

·K 3.12£L§N^�(5Ún/ª¤

1. Block�preconditions�¹
±¢SëêN^L§�preconditions"
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block precondition
implies

block1 precondition

implies

block1 postcondition
implies

block2 precondition

implies

block2 precondition
implies

block1 postcondition

block
precondition

and
(condition)

implies

true-block

precondition

implies

true-block

postcondition
implies

block postcondition

if (conditions)

THEN ELSE

block
precondition

and
not(condition)

implies

false-block

precondition

implies

false-block

postcondition
implies

block postcondition

Figure 3.6: ^ 5 y ² ^ S Ú À J ( �block�preconditionsU í �

Ñpostconditions�í�ó

2. Block�postconditions�¹
±¢SëêN^L§�postconditions"

­��´5¿�
y²�¹L§N^�block��(5·�ØI�y²L§

N^����(5¶L§N^��(5´üÕ�(J"

·�£ã�y²�(�§ù¦�·��±y²��block��(5§�´�

vk?\XÛy²A½§S�é�[!"ù´ékEâ5ÚE,�ÌK"
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~X§b�·�w�java�é§/x=y+10"3�é��·��±���oÜ

6�é£�Ò´�o´�é�postcondition¤ºq�postcondtion´�ªx=y+1"

�´b��é /́y=y+10º½´b�·�k���éS�/x=y+1, y=z0º

¢�¥§<��6/common sense0arguments§
Ø´�ª�y²�{"Ø

´Áã�ÑL§�èÛ¹�oÜ6�é§·�'5£ã�postcondition´ÄU

��§
�Áãéu(Ø�Ñad hoc arguments"e��ÌK?Ø�Ð��ª"

3.5.3 üD��~

3@Ïéy²lÐ�?§º��ïÄ¥§ïÄöuyÚåy²(J�´Ì

�´ü«�Eµgoto�éÚD��é"�ØD��é´Ø�¢S�§¤±@Ï

�ïÄöm©�Øgoto�é§(J��
(�z?§�,å"Ø3�´§=¦v

kgoto�é§y²Ï~�´(J�"

�C§�ØD��é�¯K�­#JÑ§Ñ��{´�Ø­#D�£overwriting¤

D��é"Ò´`§3CþMï��§Cþ�k���¶��D���ÒØU�

CX"Q,§Cþ��3Cþ�)�Ï�SØUUC§@o'uCþØyÒ{ü


"ùÒ´üD��~"

éõ§S�O�ók�Nz�üD��~�å§'XProlog!ML!Haskell!Sisal
1 ÚSAC£üD�C¤"

3Ù¦§S�O�ó¥§�)C!FortranÚJava§��±3ØUC§S

�1���¹e=�¤üD�"ù«=�^u?È`zÚ¿1�èuÿ"ï

Äuyæ^üD�/ª��§§S©Û�±��é��§Ý£ë��Ù�¡

�NotesÚReferences¤·�U3F~�?§|^üD��~�`:íº

üD��~ØUÏ^§�´�±�~{ü�^u�Ì��ÛÜCþ"�Ì

��è�¹48L§N^��è§¤±ù����Ø�uî­üD��~Ã^

�/Ú"̄ ¢þ§Sisal�?ÈìòforÚwhileÌ�=�¤48L§N^§¤±§

U3=���§S¥æ^üD��~"dur�¦^
üD��~§Sisal?È

ìUgÄ©Û=�ã�è�±¿1�1"�´§üD��~���/ª��±

ÚwhileÚforÌ��å¦^"

ES�e��!c¡J��¦�y²C(J�D��é"3üD��~

¥/x=y+1;0Û¹�ªx=y+13��§S¥xk���"æ���é /́y=y+1;0

Ú/x=y+1; y=z0§ùü���üD��~��é§òy1�gD�
"

3vkÌ��L§¥§xÚy�±´ÛÜCþ§·�o´�±ÏL½Â�	

�ÛÜCþ�·����O�"

~ 3.5

�
?��é/y=y+1;0·��/y1=y+1;05�O§·���
k���

ªy1=y+1"�
?�/x=y+1;y=z0·�7Lkü�k��ª§x=y+1Úy1=z"

1for Streams and iteration in a single assignment language
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3ü«�¹¥§L§ù�©|�¡¤kéy�Ú^Ñ�±U¤y1§Ï�y1´?U

���"

4·�w���ÊÏ�(Jµ��Cþ=3ÀJ(����©|p¡â�

#§�´3©|�¡¦^�·Ü
©|�ü«�¹"

~ 3.6

�Äe¡��è¡ã

1 . i f ( y<0)

2 . y=0;

3 . x=2∗y ;

�â·�c¡`�§·�7L½Â��ÛÜCþy1§,�ò1�1O�

¤/y1=00"�´131Qºw,·�Ø��T¦^y�´y1")û�Y´µXJ

ÛÜCþ3ÀJ(����©|p¡D�§K3¤k�©|¥D±�(��"3

ù«�¹e§¦^õ^D��é�´=k�^D��éò¬�1"?¾��ÎÜ

üD��~��è´

1 . i f ( y<0)

2 . y1=0;

3 . e l s e

4 . y1=y ;

5 . x=2∗y1 ;

y3·�éuCþk
���ß�Ü6'X£⇒L«í�Ñ§∧L«Ü�¤µ

(y < 0⇒ y1 = 0) ∧ (y ≥ 0⇒ y1 = y) ∧ (x = 2y1)

Mï�	Cþ��{�U¬���Çeü§�´¢S�?Èì`z�±�´�

�ä§XJ�5�yvk2�Ú^
§��m^5�;y1"

,
§P4üD��~§�,�±¦^ÛÜCþ§�´éukê|�´Ø·

^�"I��#ê|��´é²~�¯�§w,·�ØUÏ�?U
����

Ò­#½Â�����ê|"=¦·�ù��
§·��´¬3Áã��?Û

£ãê|G��Ü6�é���(J"I��#é��¢~���¬��Ó�

�¯K"

=�vkÌ��L§

XJ·��éwhile½forÌ�æ^�!?Ø�y²óä§and the procedure

is reasonably compact§�{ü��{�UÒ´òÌ�=�¤��48L§"
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~ 3.7

�{1.1�Ñ
��^S�é�S�L§"e¡��è�Ñ48��§¿�

¦^üD��~"·K3.9 �3.11^uy²Ù�(5"£·�Øy²�{1.1��

(5§§ò��CþD�õ����
§�E,"¤

�{ 3.1 ^S�é§48

Ñ\µE, m, num, K,ùpE´��knum����ê|£¢Úl0, · · · , num−
1¤§K´��é���§m ≥ 0´��é�ê|ã�é«¢Ú"�
{z§·�b

½KÚE���Ñ´�ê§ÒÚnum��"

ÑÑµans§��3E¥K� �§��´m ≤ ans < num§½´-1§XJK3

��Svké��{"

5¿µº�N^7L´ans=seqSearchRec(E, 0, num, K)"

i n t seqSearchRec ( i n t [ ] E, i n t m, i n t num, i n t K)

{

i n t ans ;

1 . i f (m >= num)

2 . ans=−1;

e l s e

{

3 . i f ( E[m]= =K)

4 . ans=m;

5 . e l s e

6 . ans= seqSearchRec (E, m+1m num, K) ;

}

7 . r e tu rn ans ;

}

5¿ansÑy3n�D��é¥§�´¦�3ØÓ�©|p¡§¤±ù´Î

ÜüD��~�"4·�5wwXÛæ^®��·K5�yL§��(5"

Äk§·�I�úªzseqSearchRec�preconditionsµ

1. m ≥ 0

2. éum[i< num§E[i]´Ð©z�"

y3·��Ñ8I½´postcondition§=31717L´true�"

1. XJans = −1§Kéum ≤ j < num§E[i] 6= K"

2. XJans 6= −1§Km ≤ ans < num§�E[ans] = K"

y3§¦^·K3.9§·�Ð«
XJ�?\seqSearchRec��ÿprecondition´

÷v�§KL§N^(å��ÿpostconditionÒ´÷v�"·�uyL§©l
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�n«ÀJ�¹¥§12,4,61§��®à�171�return�é"·K3.11^u

z«�¹"éuz��ÀJ§��ÀJ�^�´�±^uy²z��©|Ñ�

�postcondition��	�&E"

XJ��121§K111�^�´true£m ≥ num¤"121��§ans= -1§�

�Ò�
171"d�§111^��true�¹
vk¢Ú3��m ≤ i < numS§

¤±^�1÷v"̂ �2�´true§Ï�§�cJ´false£ES1.3.3�!¤"

aq�§XJ��141§111�^�´false£¤±m<num¤§�131�^

�´true£E[m]=K¤"141gCïá
�ª£ans=m¤"Ü¿ù
�§^�2´�

(�"�ª£ans = m¤Úprecondition 1 �±�Ñpostcondition 1�cJ´false¶

Ïdpostcondition 1´true"

��§XJ��161§111Ú131�^�Ñ´false£¤±m<numE[m] 6=
K¤"Äk§·�I�Ð«·�3161±¢ë/�(�N^0
seqSearchRec"Ò

´`§�·�Ð©zù
¢Sëê��ÿ§·�I��yseqSearchRec�preconditionsµ

1. XJm ≤ 0§Km + 1 ≤ 0"

2. ��m + 1, · · · , num + 1�¹3m, · · · , num− 1§¤±E[i]´Ð©z�"

y3§�â·K3.12§·��±�Ñ(Ø161�L§N^ÎÜ§�postconditions"

Q,161D�ans��Ò´N^�£��§§÷vN^�postcondition£±¢

ëm+1¤"ù
postconditionsÚëêE[i] 6= KÛ¹
�cN^�postconditions£¢

ë´m¤"~XXJ�£-1§Û¹
E[m + 1], · · · , E[num − 1] ÑØ�¹K§¤

±E[m], · · · , E[num− 1]�Ø�¹K",	ans ≥ m + 1§�kans ≥ m"

Ïd·�Ð«
ÃØ171XÛ��§I��postconditionsÑU��"�

e���¯K´´Ä�3�U5171[�Ã{��§=?\
Ã�48

¥"3.5.6�!?Øù�¯K"

öS3.6�¦Öö¦^��!�Eây²éü��ê��ú�ê�îAp�

�{��(5"

3.5.4 �Ì�L§

·K3.9�3.12�·�
��3vkfor ÚwhileÌ���¹ey²�(5�

µe"��kÌ�§üD��~Ï~Ò´Ø�U�
§Ï�7L½Â��Ì�

Cþ§indexed both by L§¥�1ÒÚby number of passes through the loop

to keep track of all the values taken on by the same §SCþ"Then 7L�%

�tracez��Cz¥�{¤�"·��&�éu5�zL§��5`§òÌ�

=�¤48L§3¢�þ�{ü"

¯¢þ§��·�n)
Ì�Ú48���m�'X§Ï~vk7�¢S�

�¤=�"����ý?nÚ½§·�7Le�µ
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1. 3Ì�NSÜ�°��S�²��ÛÜCþ§�ÌüD��~"Ò´`§

3�Ó=�Cþ���"

2. Ï�Cþ7L�#£
�7L(²3Ì�	¡¤§3Ì�N�ª(?�¤

k��#"

ù
5K��z
7L�Ä��ØÓ�¹�êþ"

ò��whileÌ�­#L«¤48���5K´µ

1. 3Ì�S�#�CþC¤��L§�Ñ\ëê"¦�3Ì�\��Ð

©�éAº�48N^�¢Sëê�"·�¡ù
�¹Äëê£active

parameters¤.

2. Ì�¥Ú^��´@k�½Â�§

forÌ��5Kaq"

3ã3.7¥Ð«
��(¤¼ê�=�"5¿n´��D4�ëê"

Ø
171§factLoop�Ì�N´�±¦^üD��~�"Ïd·��±¦

^·K3.9�3.12ÚCþ�m��ª'X5g�Ì�N§ØV��E,�¢Ú§�

ØI�?nÏ~-����Cþ3L§�1¥kØÓ�D�"�����171

·�Ñ�±¦^üD��~�?n�{§d�Cþ���e�Ó/roll over0
"

?�Ú�§XJ·�Uvisualizeù�/rolling over0���#�¢ë�L§§¿

�ù�L§k�'�5��¯K5�§·�Ò�±}Áy²¦^48��{/

ª"3ù�k��|µp¡§üD��~�±^u�Ì��L§"

3.5.5 �(5y²��NÁóä

y²�(5���¢Sd�))=¦´�~Ø�ª/%�0y²))3u

y²U3?èÚÿÁvkm©�cÒ~~°(�Ñ
bug¤3"k�y²=´�

��n^�eL§�preconditionsÚpostconditions§¿r¦���5º�3�

è¥"£=¦\�y²ò´��/%�0§\�ØAT<;ùÚ�©��ó�"¤

Nõ§Sbugs´L§�preconditionsÚN^L§��¢S^�Ø��§


�ù«Ø��´{üÚw
´��",	�Ü©´Ï�postconditionsØ��"

ù«�ØÏ~3�Ä·K3.12��Ò¬w
´�"

�¯K'��©§��wþ/wþ�Ñé0§\7LÁã¦^·K5��

���Ü·���block5�3y²"ù�L§Ò´¯z��block§/b�ù

�block�¤
¬N�º0§2¯/§�¤I�@
^�º0y3Ù��block´Ä

�(���ù
�¦º

XJ�è¥k��bug§
�\ín�é�%§y²Ñ��/�Ò´bug�¤

3"Ò´`§bugÒ3ü�block¥BL>.NC§3\uypostconditionsÚpreconditionsØ

���/�"
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i n t factLoop ( i n t n)

{

i n t k , f ;

1 . k=1;

2 . f =1;

3 . whi l e (k<=n)

4 . {

5 . i n t fnew = f ∗k ;
6 . i n t knew= k+1;

7 . k= knew ; f=fnew ;

8 . }

9 . r e turn f ;

}

i n t f a c t ( i n t n)

{

9 . r e turn factRec (n , 1 , 1 ) ;

}

i n t factRec ( i n t n , i n t k , i n t f )

{

i n t ans ;

3a . i f (k>n)

3b . ans =f ;

4 . e l s e

{

5 . i n t fnew = f ∗k ;
6 . i n t knew =k +l ;

7 . ans =factRec (n , knew , fnew ) ;

}

return ans ;

}

Figure 3.7: whileÌ�=�¤48¼ê"�=�Ø�'�s)Ò�Ñ
"

~X§348^S|¢£�{3.1¤¥§XJ111�^���¤
£m ≥
num− 1¤§Kpostcondition 13121��òØU��§bugÒ½ 
"

,��~f§b��{3.1¥1-21Ú3-41���e �§Ò´`§111C
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¤/if(E[m]==k)0"·��Ñ�y²¥¤kJ���éÑ­E1Òþ�Cz§�

´L§k��bug"�
3u�ÏméÑbug§·�7L5¿�¤kO���L

�ª��é�precondition´L�ª¥�¤kêâ��Ñ®²�Ñ�§�Ò´·

�ØUaccess�Ð©z�CþÚ¢~�"XJm�U´�unum-1�ê§·�Ø

U�yù�:"2�g�§y²Áã�³bug§�´=3·�u��éc[��

ÿâ1"3·�E��è��ÿ¯�e/êâ��Ð©z
íº0́ ��éÐ�

S."

3.5.6 48L§�ª�

·K3.9�3.12§3.5.2�!£ã�Ún�k48L§�|Ü§Ð«�o�Ü

©�(§Ï�¦�vk�ÑL§´ÄTª�"�
�¤���(�y²§7LÐ

«z�g48N^Ñ��'�5���¯K"

ù�ÄkI�y²48N^�precondition´÷v�§Ùg´?ØD4�4

8N^�(�½´"¯K5�"'N^ö���"��,���(5¯K§¢�

¥<�¦^Ün����?Ø§
Ø^�únÚíØ��ª�y²"

3Nõ�¹e§̄ K�5�´���K�ê§'Xf�����êþ§óL

¥���êþ§ÃXda"~X3�{3.1¥§33.5.2�!/¯K5�0�B�½

Â�n=(num-m)§�u����êþ"zg48N^���~�1§�ª¬~�

�0"

3k
�¹e§̄ K�5��±��¦^½Â3(�þ�partial order§Ï

L��Ñ\ëêD4§'Xsubtree partial order(ëwã3.3)"~X§3����

äH{L§¥§Xã3.4§XJL§�Ñ\ëê´äT§
TØ´Ä��¹§KT�

fä'T/��0in partial order"Ïd3/ª�(���ä(�þ�48L§

¬(å"

�
Eâþ��(§3��äþ�48�L§7Lk��precondition§=

Ñ\ëêT´�(���ä–vk�"5�BinaryTreeÄ�êâ(�a.��Ä

Å£XÓ·�32.3.3�!��¤́ ¦�ù�^�gÄ÷v"

3.5.7 �©�é��(5

·�y3y²48L§binarySearch��(5£�©�é�[!ëw�

{1.4¤"ù����^8B{y²48L§�«�"��8By²ïá3�Ü�

Ø�Ì�48L§�(5�Ä:�þ¶Ò´`§§ïá3L§(å§±9�§

�preconditions%º
postconditions�Ä:þ"£XJ48L§N^f~§§K

f~§��(5�348L§�y²�c����b�V\"¤

·�½ÂbinarySearch�¯K5�n= last -first+1§E3�é��¥�^8

�êþ"ã3.8�´�
�B����­E"

Ún 3.13 éun ≥ 0§XJbinarySearch(E, first, last, K)�N^§¯K�
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i n t binarySearcha ( i n t [ ] E, i n t f i r s t , i n t l a s t , i n t K)

{

1 i f ( l a s t < f i r s t )

2 index =−1;
3 e l s e

{

4 i n t mid = ( f i r s t +l a s t ) / 2 ;

5 i f (K== E[mid ] )

6 index=mid ;

7 e l s e

{

7 i f (K<E[mid ] )

8 index= binarySearch (E, f i r s t , mid−1, K) ;

9 e l s e

10 index= binarySearch (E, mid+1, l a s t , K) ;

}

11 return index ;

}

Figure 3.8: binarySearchL§§�{1.4�­E

5�´(last- first +1)=n§E[first], ,, E[last]3�4~�§KXJKØ3E¥first,

,, last ���¥�£-1§ÄKXJK=E[index]�£index"

y²y²8Bn§¯K�5�"Ä��¹´n=0"ù�111´true§��

121§�£-1"

éun>0§b�binarySearch(E, f, l,K)30 ≤ k < n�¯K5�kþ÷vÚ

n§fÚl´?¿¢Ú÷vk = l − f + 1"Ï�n > 0§111´false§first ≤ last§

6§�141§,�´151"�âc¡J��Ø�ªÚ�ªmid = ⌊(first +

last)/2⌋§�first ≤ mid ≤ last"Ïdmid3|¢��S"XJ151´true§L

§3161��
(J"

y3b½151´false"lc¡�ü�Ø�ªÚn�½Â§·�k£�â≤�
D45¤

(mid− 1)− first + 1 ≤ (n− 1)

last− (mid− 1) + 1 ≤ (n− 1)

¤±éu181Ú1101�ü�48N^48b�Ñ´·^�"

y3§XJ171´true§K�1181"��Ò�±uybinarySearch�precondition´

÷v�§Ï�181�¢Sëê�k13�ëêUC
§
�´C�
"Ïd·

�b½N^
�¤
binarySearch�8I"XJ181�N^�£����¢
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Ú§ù)û
�c
�¯K"XJ181�N^�£-1§ù¿�XKØ2E��

�first, · · · , mid−1S"�´171Û¹
KØ3��mid, · · · , lastS§¤±l�

c�L§�£-1´�(�"XJ171´false§K�11101§´aq�"

'uy²I�rN��:´§3·�£U¤b½/81Ú1101�N^�¤


¦��8I�c§·�I��yN^�preconditions"Q,NõÜ6�Ø´d

N^L§
vk÷vL§�preconditionÚå�§ù«u�U�«éõbugs"

3.6 48�ª

48�ª´½Â3g,êþ�¼ê§T (n)§§��L�ª¥k��½õ�

´�un��ê�T"�é{`§T (n)´8B½Â�"X¤k�8B��§Ä��

¹´üÕ½Â§48�ª=?n'Ä��¹��n"¦+·��Ì�,�3^4

8�ª���«£ã�{£$1�m§'�i�'�gê§½öÙ¦�­�ó

ä¤�¼êªóä§�ùØ´48�ª���^å"Nõk��êÆ¼ê�±^

48�ª½Â§'XFibonacciê�§�ª1.13"

^48�ª5£ã48L§´ég,�¯�"�!�8�´Ð«XÛl4

8�ª��è¥û)Ñ48�ª§¿£ã�{¥�
²~Ñy�patterns"3.7!

&¢
XÛ)�
~��48�ª"Ï�ØÓ]
�êþ�UI�Ýþ£�m§

�m§'�i'�gê�¤§·�ò¦^Ï^�â�cost5�Ñ48�ª�.�"

·�Äk��½�«Ýþ�{5Ýþ§I�)�48L§�¯K5�µ-

5�´n"48�ª�>ò´T(n)"�
�ï48�ª�m>·�I��O4

8L§kõ�ØÓ�¬§ù
¬�cost�n�¼ê'X"²~k
¬�cost´~

ê"We can just call all constants 1 if we are satisfied with an answer that is

within a constant factor.

3·��â�Æ¥§f~§£subroutine¤́ ?¿�L§§�Ø48N^·�

�©Û�L§¶Ò´`§f~§¥�N^S�ØUk��N^gC�"�f~§

�'�êþ����IS"�48N^�'�êþ����IR"

XJL§vkÌ�§Ü¿z��¬����¹©Û´{ü�"

1. éu¬�S�§O\üÕ�cost

2. éu�À�¬§�)Ä��¹§�ÀJ�¥���"

3. XJ¬�¹f~§N^§�Ñ¢Sëê�n�¼ê'X"�
{z¯K§b

��I���ëê5�§¡�ns(n)"·�I���f~§�cost¼êTs"

Kù�N^��cost´Ts(ns(n))"

4. XJ¬�¹48N^§�Ñ¢Sëê�n�¼ê'X§¡�nr(n)"K48

N^�cost´Tr(nr(n))"ùp�T�48�ª�>���"
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�ªm>Ñy�Ø¹¼êT£�ª�>�¤�Ü©¡��48cost"�rù

�costÚL§N^o�cost«©Ñ5§L§o�cost��¹T"

Ü¿¬�²þ1�©NI�«O�é��À�construct"éu¤k�À�

AT¦êÆÏ""Also§if the size of subproblems£nr(n)Úns(n)¤can vary for

different inputs§f~§�costÚ48N^�costI�²þ"duù��Ï§²þ

1�©ÛÏ~@�'���¹©Û�J"

~ 3.8

éu{üA^�5K§�Ä�{3.1�48¼êseqSearchRec(E, m, num,

K)

�
�B3ùp­E�eµ

1 . i f (m$\geq$num )

2 . ans=−1;

3 . e l s e i f (E [m]==K)

4 . ans=m;

5 . e l s e

6 . ans=seqSearchRec (E, m+1, num, K) ;

7 . r e tu rn ans ;

·��½¯K5���ê|E����ê"Ïdn=num-m§ùpmÚnum´

�cN^�12�Ú13�ëê"4·�òL§©)�¬§ù�Ò�±æ^

5K
"¬�±ÏL1Ò���5£ã"��L§´1-7"�±ëìe¡

�diagram§"OR"L«�À�§"¶"L«S�"

1 2

OR

3 4 5

OR

6

;

7

Ä��¹´¬2-2§Ä��¹I�üØ348�ª�	§48�ª��Ä�

Ä��¹"¤k�p¡�¬sÑ´{ü�é§Ø
6-6"�cost´$1�m�§·

�b�{ü�éI�~þ�$1�m§¿^1�L?¿~þ�m£u´1+1=1¤"

�cost´,
A½ö��êþ�§Kö�I�Oê"For definiteness§·�òb

�cost´ê|��'��gê"Ïd131cost´1§
3ù�cost�.eÙ¦{ü

�évkcost"

5¿�{3.1¥�161�N^§·�w�¢Sëê�12�Ú13�´m+1Únum§

¤±§�¯K5�´num-(m+1)=m-1"¤±§6-6�cost´T(n-1)"��¬

�costdüÜ©�¤§Ü¿�À�é����§Ü¿S�¬"¬2-2����

�À��üØ"5¿1-7´1-6Ú7-7�Ú§�ÑseqSearchRec48�ª�m>
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~ 3.9 éuÙ¦~f§�Ä���é§�{1.4§33.5.7�!k­E"¯K5

�´n=last-first+1"�Ñ�Ýþ´'�i'�§¤±151�Ñ´1"181Ú

1101�48N^�¯K5�´n/2Ú(n-1)/2§�´ù´�À�§¤±ÙÜ¿�

�Ñ����§
Ø´üö�Ú"�e��é¥vk'�i'�§¤±48�ª

´

T (n) = T (m/2) + 1

3ù�L§¥§Ñy
üg48N^¢Sþ�k�g"314Ù·�ò��üS

L§§k
üS¥küg48N^§¦��48�ª�m>¬kz�g48N^

�L��"

XJ5�nr(n)½ns(n)Ø´é�ÙÒk
#�¯K"~X§3n�!:��

�äH{¥£2.3.3�!¤§·����fäÚmfäo�kn-1�!:§�´·�

Ø��ü>�´õ�"b�·�Ú\�	CþrL«mfä�5�"K·���

48�ª

T (n) = T (n− 1− r) + T (r) + 1, T (0) = 1

|Ü�´§·�ÏL�\{U��ù��ª�T (n) = 2n +1§=¦·�Ø��r"

��·�vkùo3$§
�éuØÓ�r�U(JØ��"ù�¯K3¯�ü

S¥ÒÑy
£4.4.3�!¤"

ÊÏ48�ª

·�U£ãNõa48�ª§¦�²~���UÏLIO�{)û£,«§

Ýþ¤"3¤k�¹e/f¯K0�Ì�¯K'���¢~§I�48)û�"Î

ÒbÚc´~þ"

©
£�µ3©
£��~�Nõ�¹¥§f¯K���´n/2½n¦±,��

½�'~"~X·�®²wL��©�é£1.6!¤§·�314Ù�ÆS�µ8

¿£4.6!¤Úæö�£Sec:FixHeap�!¤"¦^4.6!�8¿��~f§8¿üS

��'�ê8´µ

TMS(n) = TMS(n/2) + TMS(n/2) + M(n), TMS(1) = 0 (3.2)

M(n)��Ñ´8¿f~§�)�"3·�U)ûTMS(n)�c§·�I��

�M(n)´�o"

��éu©
£�a.¯K§5�n�Ì¯K�±©)�b�£b ≥ 1¤5�

´n/c£c > 1¤�f¯K"�k�Ü©�48�Ñf(n)£�
©)¯K§�/½Ü

¿f¯K�)�Ì¯K¤"

T (n) = bT (
n

c
) + f(n) (3.3)

·�¡b´©|Ïf"
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Chip and Conquerµ5�n�Ì¯K�±/�K�Ü©0¤��5�´n-c

�f¯K£c > 0¤§2���f(n)��48�Ñ£�
©)¯K§�/½Ü¿f¯

K�)�Ì¯K¤"

T (n) = T (n− c) + f(n) (3.4)

Chip and Be Conqueredµ5�n�Ì¯K�±/�K�Ü©0¤b�£b>1¤

5�´n-c�f¯K£c>0¤§2���f(n)��48�Ñ£�
©)¯K§�/½

Ü¿f¯K�)�Ì¯K¤"·�¡b´©|Ïf"

T (n) = bT (n− c) + f(n) (3.5)

XJf¯KkØÓ�5�§�´¤k�f¯K5�Ñ3n-cmax�n-cmin�

m§I$��±©O¦^cmax§cmin�Oc5¦"ù«�¹3öS3.11¥�Ä"

e�!·�&?^êÆ�{©Ûù
;.�48�ª"

3.7 48ä

48äJø
�«©Û·�®�48�ª�48L§��Ñ�óä£$1

�m§'�i'�gê½´Ù¦ÿþ�ª¤"Äk·�ò±��~fÐ«XÛl

48�ª)¤��48ä§,�·�ò£ã���L§"l��L§¥§·�

òU�)ÑA«���)û�Y£Ún3.14§Ún3.15§½n3.15§½n3.17§�

ª3.12Ú3.13¤"ù
)û�YCXNõ¢S�{©Û¥Ñy�48�ª§
�

���¿ØÎÜIO/ª�48�ª�§¦�U����oÑ�guide"It is not

necessary to follow all of the technical details in this section to be able to apply

the general solutions mentioned.

z��48ä�!:kü��§sizeÚ�48cost�"��!:L«Xeµ

T(size) �48cost

5���Lù�!:?T�¢Sëê"·�\þ48¶iT5J2·�5�

�Ø´cost"

~ 3.10 {ü�©
£��48ä

�Ä48�ªµ

T (n) = T (
n

2
) + T (

n

2
) + n

ù´�ª3.3�AÏ�¹§b=2Úc=2"ù´8¿üS�����{ü�/ª§§

¬3éõ/�Ñy"·�ò�Ú�Ú��EÑ�A�48ä"1�Ú§´±9Ï

Cþ­��ª£348b�¥k��aq�9ÏCþ¤§ùkÏu;�O��Ø"

·�¡ù�48�ª�·��ó���"
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T (k) = T (
k

2
) + T (

k

2
) + k (3.6)

��!:�size���
��!:Ò�±Mï
¶��·�Ò�±^size�O�

�48�Ñ��"·�O�MïT(n)48ä�root!:¶ùpsize=n"

T(size)

û½�48cost�Úvk�¤¯f!:�L§�*Ð!:"·�ò!:�

5��VþO�*Ð§ùp´n§O�K·�ó���k§�ª£3.6¤"m>¤

�T(n/2)+T(n/2)+n"¤k�T�Ü©C¤¯f!:§�e�Ü©C¤!:��

48cost§Xe

T(n) n

T(n/2) T(n/2)

Q,Ó��Ý�¤k!:wþ���§·��±3©|¥�)¦�"

���¹e§z��Ø��!:7L�âgC�5���)"ùp¤k

5��Ñ´n/2§¤±·�^n/2�\�ª3.6¥�k§
�·�w�m>AT

´T(n/4)+T(n/4)+n/2"¤±y3·�k

T(n) n

T(n/2) n/2 T(n/2) n/2

T(n/4) T(n/4) T(n/4) T(n/4)

·��±UYe��§��·�wÑê��ª"ã3.9Ð«
ê*Ð�,	

��¶k8���¤¯f§Ù[!vkw«Ñ5"ùp·��±w�±�Ý�¼

ê�5�ëê, n/2d§�48costTÐ�´n/2d"£ESe§�
�B§·�ò�

��Ý½Â�0¤"3ù�{ü�~f¥§kÓ�ê�Ý¤k!:Ñ´���§�

´ùØo´¤á�"

·�3e��o()¤��48ä�5K(s)"
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T(n) n

T(n/2) n/2 T(n/2) n/2

T(n/4) T(n/4) T(n/4) T(n/4)

Figure 3.9: n�48ä"8���¤¯f�5��vkw«"

½Â 3.5 48ä5K

1. 48�ª�ó���¦^Ú�5ØÓ�Cþ¶¡�9ÏCþ"ùp-k´9

ÏCþ"�548�ª��>£b�´T(n)¤C¤48ä�!:�5��"

2. ����¤!:k��5��§�´vk�48cost"

3. û½�48costÚ��¤!:¯f�L§¡�*Ð!:"·��Ñ�*Ð

!:�5�§�\48�ª�9ÏCþk¥"3m>�¹T�Ü©C¤!:

�¯f¶¤k�e�Ü©¡�!:��48N^"

4. *ÐÄ��¹�Ñ�48N^§éuÄ��¹vk¯f"

�
{zL«/ª§·�b½48�ª�Ä��¹�costØ�0"XJ�ª�Ä

��¹�cost´0§·��±�O����Ø�0�¹§ò§��Ä��¹"

¯¢þ§·�²~b½Ä��¹cost´1§for definiteness"XJ7��±�

CÄ"

3?¿48ä�fäp¡§e¡��ª¤áµ

��5� =
∑

*Ð!:��48cost +
∑

��¤!:�5� (3.7)

ùéN´d8B{y²"3Ä��¹e§T(n)=T(n)"�g*Ð�§�!:�*

Ð§
¯f´��¤�§¤±ª3.7�Ñ�´�©�48�ª§±daí"

~ 3.11 48ä

3~f3.10�7�!:48ä¥£�4���¤!:¤§ª3.7 L«�T (n) =

n + 2(n/2) + 4T (n/4) = 2n + 4T (n/4)"
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T(n) n

T(n/2) n/2 T(n/2) n/2

T(n/4) T(n/4) T(n/4) T(n/4)

n

n

n

· · ·

n

Figure 3.10: 48ä¥�48cost�Ú"Þ31�1Ú�3m>

O�48ä�Eâ´µÄkO�z��Ý¤k!:�48cost�Ú¶¡�ä

ù���1Ú£row-sum¤",�O�¤k1Ú�Ú"UYã3.9�~f§k
1Ú

®²Ð«3ã3.10¥
"

�
O�1Ú�oÚ§£Ï~¤I���48ä����Ý"�Ò´5��

{�Ä��¹��ê"

~ 3.12 48äO�

éu~f3.10£ëwã3.10¤·�*	5��!:�Ý�¼ê´n/2d§¤±

Ä��¹u)3d = lg(n)"Q,z�1�Ú´n§ä�oÚ´T (n) = n log(n)"

3.7.1 ©
£�§���¹

¦^~f3.10�~f3.12Ó��Ú½§·�U�O��©
£�48�

ª£�ª3.3§�
�Bùp­E�e¤§±��T(n)�ì?�"

T (n) = bT (
n

c
) + f(n) (3.8)

ù�!��ù«Eâ§�´ÚnÚ½n�±�n)§
��±�üÕ¦^"

Äk§·��±w�5�ëê±Ïêczg4~£·�-c=2�~¤"Ï

dÄ��¹u)3(n/cD) = 1�§ùpD´Ä��¹!:��Ý")�§

�D = lg(n)/ lg(c) ∈ Θ(log(n))",
§·�7LaÑ¤k�Ý1ÚÑ����

¹"

��äkõ��f´ék^�"©|Ïê´b§¤±�ÝD�!:ê´L =

bD"�
�Bµlg(L) = D lg(b) = (lg(b)/ lg(c)) lg(n)"Xêlg(n)²~Ñy§·�

�§��¶i"

½Â 3.6 �.�ê
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éu�ª3.3¥�bÚc§·�½Â�.�ê�

E =
lg(b)

lg(c)

ÏLÚn3.1§18Ü©§éuEù�/ª�éê�±¦^?¿�B�.§�

�©f©1Ó��Ò1"±ù�ÎÒ§kXeÚnµ

Ún 3.14 �ª3.848ä��fêþCq´L = nE§ùpE´½Â3.6¥½Â�

�.�ê"

b��f¥��48cost´1§ùw�·�ä�cost��´nE"=¦�f�

�48cost´0§3�f�þ���½¬k�0�cost�!:£½ö4à�¹e�

f�þk~ê��0¤"�´ù�¥E,´Θ(nE)!:§¤±�±�Ω(nE).�"

4·�o(e8c���(Ø"

Ún 3.15 ^c¡¦^�ÎÒ§·�Cqkµ

1. 48äk�ÝD = lg(n)/ lg(c)§¤±kNõ1Ú"

2. 10��1Ú´f(n)§=���48cost"

3. 1D�1Ú´nE§b�Ä��¹´1§½öΘ(nE)§in any event"

4. T(n)��§�Ò´�ª3.8�)§´ä¥¤k�48cost�Ú§�Ò´¤k

1Ú�Ú"

3Nõ¢S�¹¥§1Ú/ª´��AÛõ�ª£½öCq�þe.

Ñ´õ�ª¤"AÛõ�ª�/ª£1.3.2�!¤"~þr¡�'Ç"Quit a few

simplification occur in practice that are based on the principle of ½n1.13�

12Ü©§which stated that, for a AÛõ�ªwhose 'ÇØ´1§the sum is in

Θ of its largest term"dù�½nÚÚn3.15§·��±�Ñ(Øµ

½n 3.16£Little Master Theorem¤±c¡?Ø�ÎÒ§Ú�ª3.8½Â�T(n)µ

1. XJ1Ú|¤
��AÛõ�ª£l101ê�º�m©¤§ùpE´½

Â3.1½Â��.�ê"Ò´`§cost�48ä��fêþ¤'~"

2. XJ1Ú�±~þ§T (n) ∈ Θ(f(n) log(n))"

3. XJ1Ú|¤��4~AÛõ�ª§KT (n) ∈ Θ(f(n))§ùÚ��cost¤'

~"

y² 3�¹1¥Úd����|�"3�¹2¥k��uΘ(log(n))��"3�

¹3¥Úd����|�"
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�
�Ä�·^���2§òù�½n�z"�z´ék^�§��ª3.8¥

�¼êV��éê�§Ï���1Ú�UØ´é�'"£éu������§ë

�öS3.9"¤

½n 3.17£Master Theorem¤±c¡?Ø�â�§48�ª�)

T (n) = bT (
n

c
) + f(n) (3.9)

£­E�ª3.3Ú3.8¤kXe)�/ª§ùpE = lg(b)/ lg(c)´½Â3.6½Â��

.�ê"

1. éu?¿�êεXJf(n) ∈ (nE−ε)§KT (n) ∈ Θ(nE)§�48ä��fê

þ¤'~"

2. XJf(n) ∈ (nE)§KT (n) ∈ Θ(f(n) log(n))§as all node depths contribute

about equally"

3. éu?¿�êεXJf(n) ∈ Ω(nE−ε)§¿�éuσ ≥ εkf(n) ∈ (nE+ε)§

KT (n) ∈ Θ(f(n))§�48ä����48cost¤'~"

£�Uvk�«�¹´·^�"¤

y² �Ýd�!:kbd�!:§z��Ñk�48cost f(n/cd)"Ïd·�éu

�ª3.8�)ke¡�Ï^L�ªµ

T (n) =

lg(n)/lg(c)
∑

d=0

bdf(
n

cd
) (3.10)

·�ò��Ñ��µey²§§�Ì½n3.16��nd"£ëwNotesÚReferencesk

���y²¤�Ä�¹3"�ÑXê§éu,
�êε§f(n)'unE + ε"¤±

f(
n

cd
) ≈ nE+ε

(cd)E+ε ≈ f(n)
cEd+εd

Kbdf(n/cd)´f(n)bd/(cEdcεd)"�´cE = b§duIO�I£Î§¤±©1

´cEdÚ©fbd"·���kf(n)/cεd§�d��4~�AÛõ�ª"Ù¦�¹�

©Ûaq"

3.7.2 Chip and Conquer§½öBe Conquered

��ØÓ�ã¡KÜ
�ª3.4Ú3.5"XJ©|Ïf�u1§·�k�ª3.5§

ùp�
�B­E�eµ
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T(n) n

T(n/2) n/2 T(n/2) n/2

T(n/4) T(n/4) T(n/4) T(n/4)

1

2

4

8
· · ·

Θ(2n/c)

Figure 3.11: 3��chip-and-be-conquered 48ä��48cost�Ú"

3.7.3 *��o48äUó�

ù�(�Ñ
���½48�ªÚ§�48ä�éX§±9?�Ð�^5

O�48)�¼ê"Öö�±ÑL�!§
Ø¬¿�?ÛëY5"

�«�Àz48ä��ª´��·�¢Sþ?�
��{ü�48¼

ê£¡�evalT(k)¤5O�48�ª��§'X�ª3.2��ª3.5"ù�¼ê

�activationä�~°(�éA
48ä"48�ªwþ�XT (k) = f(k) +

· · ·£�T��¤"·�b�·��48¼êevalTk��ëêk£�L¯K5�¤§


��ÛÜCþnonrecCost5�;�48cost��£�Ò´f(k)¤"�ÑÄ�
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Figure 4.1: �üS��
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int shiftVac(Element[] E, int vacant, Key x)

preconditionsµvacant ´�K�"

postconditionsµ-xLoc´�£��"Kµ

1. E¥�¢Ú�uxLoc���3§�5�/�§�keyÑ�u½�ux"

2. E¥��� �3xLoc+1��vacant�§�ux���Ñò3shiftVacN^

��r �£Ä��"

Figure 4.4: shiftVac�5�

�ó�§��r� £Ä�U^SxAT3�/�"L§�£� �¢Ú§

��xLoc"Precondition ÚpostconditionÑ3ã4.4¥"�é{`§shiftVac�¤

ã4.2�ã4.3�=�"y3insertionSort�±��N^shiftVac§¦��>�ã�

5��§��¤k���Ñ3kSã¥"

shiftVacL§´��;.�ÊÏ|¢~§£½Â1.12¤"XJvkêâ
§fail¶

ÄK�é����§XJ§´·��é���§¤õ¶ÄKUYvku�L��

�"Ï�kü«(å�¹§�±^��whileÌ�5L«§2¦^breakéu�

«½õ«(å�¹"48/ª´���"

i n t shi ftVacRec ( Element [ ] E, i n t vacant , Key x )

{

i n t xLoc ;

1 : i f ( vacant==0)

2 : xLoc= vacant ;

e l s e

3 : i f (E[ vacant −1] . key<=x)

4 : xLoc=vacant ;

5 : e l s e

{

6 : E [ vacant ]= E[ vacant −1] ;

7 : xLoc=shi ftVacRec (E, vacant−1,x ) ;
}

8 : r e turn xLoc ;

}

�
�y171�48��(5§·�5¿�48L§3�������

Só�§
�§�12���´�K�§¤±´÷vprecondition£ã4.4 ¥�¤

�"£\�±u�N^ó5Øyvacant-1��o´�K�–§��oØ´K�Qº

¤�(5´w,�§XJ·��±b½171�48�¤
§�8I�{"
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¦+shiftVacRecL§�~{ü§XJ·����eE�1n����\�ÿ

�¹Ä�l�¹§��e48��Ý½´æÒ��Ý�UO��5�n"ùéu

é��n´Ø��É�"Ïdù«�¹e§�4¤k�¯�Ñó��~��§4

87LU¤S�"£Áã`zØUó��§S´äN"¤8��Ù`´�
!�

�mØX`´�
!��m"¢SþXJ�m`z§Nõ?ÈìògÄ�1ù

�=�L§"e¡����{r�¹
shiftVac�S���"

�{ 4.1 �\üS

Inputµê|E§ê|���"¢Úl0�n-1"

OutputµE§Ù��´,S"

RemarkµshiftVacf~§�5�3ã4.4¥�Ñ"

void i n s e r t i o nS o r t ( Element [ ] E, i n t n){

i n t xindex ;

f o r ( xindex=l ; xindex<n ; xindex++){

Element cur r ent= E[ xindex ] ;

Key x=cur r ent . key ;

i n t xLoc= sh i f tVac (E, xindex , x ) ;

E[ xLoc]= cur r ent ;

}

return ;

}

i n t sh i f tVac ( Element [ ] E, i n t xindex , Key x){

i n t vacant , xLoc ;

vacant= xindex ;

xLoc=0; // b½�}

whi le ( vacant >0){

i f (E [ vacant −1] . key<=x){

xLoc=vacant ; // ¤õ

break ;

}

E[ vacant ]=E[ vacant −1] ;

vacant−−;
}

r e turn xLoc ;

}

���¹E,Ý

�
©Û§·�¦^i�Lxindex"éuz��i��§'�i'����g
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=
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∑
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�m

w,§�\üS´��in-placeüS�{§�¦^S����shiftVac�"�

¦^48���§frameæÒ�U*Ð�Θ(n)"

4.2.3 A½üS�{�1�$�

�Ä������'�i´x§��\üS'�x§�>�'�i�§§T

ÐÓâ
/vacant0 �"K3zg'���§�\üSÑØ£Ä��§½öù

´{ü���ü������"·�òÐ«¤k�k��üS�{–=zg'�

��/ÛÜ0£Ä���@
�{–7L�Ú�\üSó�þaq�ó�"

N����ü��±£ã����é��8ÜN = 1, 2, · · · , n�gC�¼
ê"éun���kn!«ü�"-3�üSS�E¥���´x1 , x2, · · · , xn"�


3ùp{zÎÒ§4·�b�üS������;31, · · · , n
Ø´0, · · · , n−1"

ü�π§31 ≤ i ≤ n�§π(i)´xi3üS�¤��� �"Ø���5§·��

±b�'�i´�ê1, 2, · · · , n§ù�·�Ò�±@���'�i´1§1���

´2§±daí"K�üS�Ñ\´π(1), π(2), · · · , π(n)"~X§�ÄÑ\S�2, 4,

1, 5, 3"π(1) = 2¿�X1��'�i2áu12� �"π(2) = 4§Ï�12�'

�iáu14� �§Xdaí"·�ò±ü�πI£S�π(1), π(2), · · · , π(n)"

ü�π�����£inversion¤´��é£π(i), π(j)¤ki<j
π(i) > π(j)"

XJ£π(i), π(j)¤´����§S�¥�11�Ú1j�'�iØÎÜ¦��^

S"~Xü�2, 4, 1, 5, 3 k4���(2, 1), (4, 1), (4, 3)Ú(5, 3)"XJüS�

{£Ø3zg'�����£Ø����£�Ò´������¤§K3Ñ

\π(1), Π(2), · · · , π(n) þ�1�'�gê��´π����ê"¤±·��Ä�
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N´��éu��ü�kn(n-1)/2���"£=��º2¤Ïd?Ûzg'�

£Ø�������üS�{��1��½´Ω(n2)"

�
��ù��üS�{'�i'��²þ1��.�§·�O�ü

�¥���²þê"z��üS�k��=�ü�£transpose permuta-

tion¤π(n), π(n − 1), · · · , π(1)"~X§2, 4, 1, 5, 3 �=�´3, 5, 1, 4, 2"z

��ü�k�����=�
��n>1�üö´ØÓ�"-iÚj´1�n�m�

�ê§b�j<i"K£i, j¤´��ü�π���§�´éuπ���5`ÒØ´"

kn(n-1)/2é�ê"Ïdzéü�kn(n-1)/2��§Ïd²þ´n(n-1)/4"nþ¤
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s o l v e ( I )

{

n=s i z e ( I ) ;

i f ( n <= sma l l s i z e )

s o l u t i o n=d i r e c t l y S o l v e ( I ) ;

e l s e

{

d iv ide I in to I1 , . . . , Ik .

For each i in {1 , . . . , k } :

S i =s o l v e ( I i ) ;

s o l u t i o n =combine (S1 , . . . , Sk ) ;

}

return s o l u t i o n ;

}

Figure 4.6: ©
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/©)0�L§§,�Quicksortm©48N^gC)ûdPartitionMï�f

¯K"

QuicksortL§�UÀJE[first]ÚE[last]¥�?¿����5�partition§ù

����ý?nÚ½"ÃØ@����ÀJ§k£Ä�ÛÜCþpivot¥§XJ§

Ø´E[first]§KE[first]£Ä�§� �§�yE[first]3PartitionN^�´���

 "Ù¦�ÀJpivot�üÑ34.4.4 �!¥kQã"
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void quickSor t ( Element [ ] E, i n t f i r s t , i n t l a s t )

{

i f ( f i r s t <l a s t )

{

Element pivotElement =E[ f i r s t ] ;

Key pivot = pivotElement .Key ;

i n t s p l i tPo i n t = pa r t i t i o n ( E, pivot , f i r s t , l a s t ) ;

E[ s p l i tPo i n t ]= pivotElement ;

qu ickSor t (E, f i r s t , s p l i tPo i n t −1);
qu ickSor t (E, s p l i tPo i n t +1, l a s t ) ;

}

return ;

}

4.4.2 Partition f~§

¤k'�Ú£Ä���ó�Ñ3Partitionf~§¥"PartitionkNõØÓ

�üÑ�±¦^¶ØÓ�üÑ�5ØÓ�`:Ú":"·�3ùpÐ«��§3

öS¥3e,��"üÑ�'�3uXÛ�¤���­ü�"���~{ü�

)û�Y´ü��£Ä�����ê|¥§�´ù���¯K´XÛò¦�­

#��(� �"

·�ùp£ã�partition�{��þ5`´Hoare£ã��{"As motiva-

tion, remember that the lower bound argument in Section 4.2.3 showed that, to

improve on Insertion Sort, it is necessary to be able to move an element many

positions after one compare. ùp� Ð©�3E[first]"ùp·�������

Ñ3�>���p¡§
�·�����£Ä�ålÑ¦�U��§¤±ég,

�·�lE[last]m©�é���£�upivot���¤"é�����ÿ§·�ò

ù���£Ä�� £y3´first¤"ù�ò3��@���� �3e���

 ¶·�¡§�highVac"ù«�¹Ð«3ã4.8�Þü�ê|ã¥"

·���¤k¢Ú�uhighVac£��last¤���Ñ´�u½�upivot�"

�U�{§,�Ù¦��upivot���AT£Ä�highVac"Ó��§·�F"

��£Ä�ål¦�U��§u´ég,�lfirst+1�é����"�·�é�

��ÿ§·�£Äù����� £y3´highVac¤§��¬3e��#� §

·�¡§´£lowVac¤"·���¤k¢Ú�ulowVac£lfirstm©¤����

upivot�"

��·��#lowÚhighCþO�e�gÌ�§Xã4.8 ���1w«�"3

1��Ì�m©��ÿ§llow+1�high�m����vk�u�§E[low]´�

 "·��±Ufâ£ã��ª­#m©§3high���é����§ò§£
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pivot

vacant unexamined

first last

vacantunexamined ≥ pivot

low high

highVac����

vacant unexamined ≥ pivot

low high

highVac ����

< pivot

vacant unexamined ≥ pivot

first lastlow high< pivot

Figure 4.8: Partition1��±Ï�L§

Ä�low vacancy§��llow+1m© cé������§ò§£Ä�highVac§

3lowVac� �Mï��#�� "��lowVacÚhighVac-��å
§¿�X

¤k���ÑÚpivot'�L
"

PartitionL§±fâ£ã�Ì�¢y§¦^f~§±�B|��è"f~

§extendLargRegion×£m>§�L��������������§����

ò����£Ä�� �£§½ö��� 
vk������"3��«�

¹e§partitionÒ�¤
"3c�«�¹e§�£#�� � �§N^1��

f~§"f~§extendSmallRegionaq§Ø
´��|¢§±9�L����

é�����"

�m©§small-key��£low��>¤Úlarge-key��£high�m>¤Ñ´

��§� ´middle-region���>£3d�§§´��ê|¤"z�gN^

f~§extendlargRegion½´extendSmallRegion§Ñ¬òmiddle-region�� 

~1�§,�ò� 33middle-region���"ü�f~§��yzg�k�

�����?\small-region§������?\large-region"ù�±ë�¦

��postcondition"�middle-region ~��k�� ��§ù� �Ò´�

 §��splitPoint�£"e¡�¯K����éXµ3partition�while Ì�

¥§middle region�ü�>.´�o§�ª� 3�o/�º¦+PartitionL§

�±"make do"�^���Cþ§�´·�½Â�z��CþÑk§gC�¹
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Â§3öS¥k{z���"

�
;�3partition�whileÌ�¥�	�'�§3151vkÿÁhighVac=lowVac§

ùòý«¤k���Ñò�partitioned"Ïd§�Ì�(å��ÿhigh�

U�'low�1§
lÜ6þ5`AT��",
§high3Ì�(å�Ø\Q

�accessed§¤±ù��É´Ã³�"

ã4.10Ð«
����~f"Partition�[!ö��3§1�gN^�Ð

«"5¿����È\�low��>§
����È\�high�m>"

�{ 4.3 Partition

Ñ\µê|E§partition�¶pivot§¢ÚfirstÚlast§��E[i]½Â�first+1[i[last§

�E[first]´� "b�first<last"

ÑÑµ-splitPoint´�£�"�53first + 1, · · · , last �m����­#ü�

¤ü�f��µ

1. E[first], · · · , E[splitPoint− 1]�m���'�iÑ�upivot§


2. E[splitPoint + 1], · · · , E[last]�m���'�iÑ�u�upivot"

�k§first ≤ splitPoint ≤ last§E[splitPoint]´� "

L§µëwã4.9"

4.4.3 ¯�üS�©Û

���¹

Partitionrz��'�i�pivot'�§¤±XJ3§ó����kk� 

�§§ò�k-1g'�£1�� �´� ¤"XJE[first]´�©�������

�§KsplitPoint=first§ùò��©�¤����f��£vk��'pivot�¤

Ú��k-1����f��"Ïd¤±§zgPartitionN^�XJpivot´���

��§Ko�'�gê´
n
∑

k=2

=
n(n− 1)

2

ù��\üSÚMaxüS���"
�Û%�´§���¹3'�i®²kS�

�ÿu)�¯�üS´Ø´k:Jb2w���º

²þ1�

34.2.3�!p¡·�Ð«
XJüS�{zg'���lü�¥£Ø�

���§K§3²þ�¹e����(n2-n)/4g'�£½n4.1¤"�´¯�ü

Svkù���"Partition�{�±£Ä����BL��ê|§�g£Ä�

Øn-1���"̄ �üSÏ�§�²þ1���§�¶i"



130 CHAPTER 4. üS

i n t p a r t i t i o n ( Element [ ] E, Key pivot , i n t f i r s t , i n t l a s t )

{

i n t low , high ;

1 . low=f i r s t , high=l a s t ;

2 . whi l e ( low<high )

{

3 . i n t highVac= extentLargeRegion (E, pivot , low , high ) ;

4 . i n t lowVac=extendSmallRegion (E, pivot , low+1, highVac ) ;

5 . low= lowVac ; high=highVac−1;
}

6 . r e turn low ; // ù´splitPoint;

}

/∗∗ Pos tcond i t i on f o r extendLargeRegion :

∗E[lowVac+1], ,, E[high]�m>�'�i<pivot�£Ä�E[lowVac]

∗�£Ä���¢Ú���£�"XJØ�3ù����§lowVac��£"
∗/
i n t extendLargeRegion ( Element [ ] E, Key pivot , i n t lowVac , i n t high )

{

i n t highVac , cur r ;

highVac=lowVac ; // �Ävkkey<pivot��¹

cur r=high ;

whi l e ( curr>lowVac)

{

i f (E [ cur r ] . key<pivot )

{

E[ lowVac]=E[ cur r ] ;

highVac=curr ;

break ;

}

curr−−; // ÛP

}

return hgihVac ;

}

Figure 4.9: �{4.3�L§
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/∗∗ Postconditionµ£öS¤∗/
i n t extendSmallRegion ( Element [ ] E, Key pivot , i n t low , i n t highVac )

{

i n t lowVac , cur r ;

lowVac= highVac ;

cur r=low ; //�Ävkkey>=pivot��¹

whi le ( curr< highVac )

{

i f (E[ cur r ] . key>= pivot )

{

E[ hgihVac ]=E[ cur r ] ;

lowVac=curr ;

break ;

}

cur r++; // ÛP

}

return lowVac ;

}

Figure 4.9: �{4.3�L§(Y)

·�b�'�i´ØÓ�§�¤k'�i�ü�Ñ´�VÇÑy"-k´ê

|�üS��¥�����ê§-A(k)´ù�5�üS���²þ'�i'�

gê"b�e�gPartitionòpivot£Ä�
�gf���1i� �£ã4.11¤§

l0m©Oê"Partion�
k-1g'�i'�§e�g�üS�f��©Oki�

��Úk-1-i���"

3Partiition�¤��éu·��©Û´é­��§f��£first, · · · , splitPoint−
1¤Svkü�'�i�p?1L'�§¤±ù�f��S¤k�ü��,´�

VÇ�"Ón£splitPoint + 1, · · · , last¤�´��"ù�^ke¡�48"

A(n) = n− 1 +

n−1
∑

i=0

1

n
(A(i) + A(n− 1− i)) n ≥ 2

A(1) = A(0) = 0

u�Ú¥��±{z48�ª"/XA(n-1-i)��run from A(n-1) down to A(0)§

¤±¦��Ú±A(i)�ÚÓ�"K·��±¿ïA(0)�§��

A(n) = n− 1 +
2

n

n−1
∑

i=1

A(i) n ≥ 1 (4.1)
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first lastsplitPoint=first+i

i keys k-i-1 keys(k=last-first+1)

Figure 4.11: ¯�üS�²þ1�

ù´��'·�c¡w���E,�48�ª§Ï�A(n)���6u@k��"

·��±}Á¦^�
E|5)ù��ª§½ö·��±ß��),�^8B

{y²ù�)�("��«EâAO·Ü48�{"ÆSü«�{Ñ´kÃ�§

¤±ü«�{·�Ñ¬�"

�
ßA(n)�/ª§4·��Ä�«¯�üSó���Ð��¹"b�z

gPartition�1Ñò�5���©¤ü����f��"Q,·��´�lý

¡ßÿ¯�üS3²þ�¹ekõ¬§·�òf�����Cq�n/2
Ø+ù

´Ø´���ê"'��gê£ã�µ

Q(n) ≈ n + 2Q(n/2)

�±æ^Master½n
£½n3.17¤µb = 2§c = 2§E = 1§f(n) = n1"Ï

dQ(n) ∈ Θ(n log n)"¤±XJE[first]zgÑ�Csplit �§K¯�üS�'�

gêò3Θ(n log n)"ù'Θ(n2)kwÍ�Jp"�´XJ'�i¤k�ü�Ñ´

�VÇÑy�{§�¬��ùoÐ�(Jíº·�òy²�"

½n 4.2 -A(n)d48�ª4.1½Â"K§éun ≥ 1§A(n) ≤ cn lnn§c�~

ê"£5¿µ·�®²���g,ê�{±{zy²¥��
O�"c��ò3y

²¥é�"¤

y² y²8B�üS����ên"Ä��¹´n=1"·�kA(1) =

0§c1 ln 1 = 0"

�n > 1�§b�A(i) ≤ ci ln(i)§éu1 ≤ i < n§c´,�~ê"ÏL�

ª4.1Ú8Bb�"

A(n) = n− 1 +
2

n

n−1
∑

i=1

A(i) ≤ n− 1 +
2

n

n−1
∑

i=1

ci ln(i)

·��±^È©y½>.£ëw�ª1.16¤µ

n−1
∑

i=1

ci ln(i) ≤ c

∫ n

1

x lnxdx

¦^1.3.2�!�Ñ��ª1.15k
∫ n

1

x lnxdx =
1

2
n2 ln(n)− 1
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u´

A(n) ≤ n− 1 +
2c

n

(

1

2
n2 ln(n)− 1

4
n2

)

= cn lnn + n(1− c

2
)− 1

�
÷vA(n) ≤ cn lnn§1��Ú1n�AT´Kê½ö0"éuc ≥ 2�

�¹§1���u�u0"¤±·��±-c=2¿�Ñ(ØA(n) ≤ 2n lnn"

éuc < 2��¹�±�aq�©ÛA(n) > cn lnn"Q,lnn ≈ 0.693 lgn§

·�kµ

íØ 4.3 3²þ�¹e§b�¤k�Ñ\�ü�´�VÇ§̄ �üS£�{4.2¤

��²þ'�gêéu��n§Cq�1.386n lgn§n´Ñ\8Ü�5�"

�°(�²þ1�*

¦+·�®²ïá
¯�üS�²þ1�§£�48�ª£�ª4.1¤�,

´kÃ�§}Á��)ù��ª�±���õ�leading term"ù��!¦^�


E,�êÆÃã§�±aL�!Ø¬K�ÆS�ëY5"

d�ª4.1·�k

A(n) = n− 1 +
2

n

n−1
∑

i−1

A(i) (4.2)

A(n− 1) = n− 2 +
2

n− 1

n−2
∑

i−1

A(i) (4.3)

XJ·�^4.2~�4.3§�õê�Ñ�K
"Q,ÚI�¦þØÓ�Ïf§

·�I���slightly more complicated bit of algebra"��ª�§·�O�

n×ª(4.2)− (n− 1)×ª(4.3)

u´

nA(n)− (n01)A(n01) = n(n− 1) + 2
n−1
∑

i−1

A(i)− (n− 1)(n− 2)− 2
n−2
∑

i−1

A(i)

= 2A(n− 1) + 2(n− 1)

k
A(n)

n + 1
=

A(n− 1)

n
+

2(n− 1)

n(n + 1)

y3-

B(n) =
A(n)

n + 1
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éuB�48�ª´

B(n) = b(n− 1) +
2(n− 1)

n(n + 1)
B(1) = 0

Ú^�ª1.11§·�L§3�Öö�y

B(n) =

n
∑

i=1

2(i− 1)

i(i + 1)
= 2

n
∑

i=1

1

i
− 4

n
∑

i=1

1

i(i + 1)

≈ 2(lnn + 0.577)− 4n/(n + 1)

Ïd

A(n) ≈ 1.386n lgn− 2.846n

�m¦^

1�úw�q�¯�üS´�«in-placeüS"�´Ø´"��{3f��

þó��§¤kÙ¦���å���Ñ���3frame stack¥3§Ò�5��6

uf���êþ"�,Ò´�6un"3���¹e§Partitionzg©���¶4

8��Ý´n"Ïd���¹e��m¦^êþ´Θ(n)"e¡£ã����{�

U?UwÍ�~�Ò�º�"

4.4.4 Ä�¯�üS�{�U?

ÀJÍ¶

·�®²w�XJPartition¦^�pivotU©¤ü�Ä������ã

�§̄ �üSÒ¬éÐ"£§� �´Partition�£�splitPoint"¤ÀJE[first]�

�pivot��U��¯�üSé<s§
�5ù�üS¬´é{ü�§'X�ê|

®²´kS��¹"kNõÙ¦�ÀJpivot�üÑ"�«´À��firstÚlast�

m��Å�êq§-pivot=E[q].key",��´,pivot´E[first], E[(first+last)/2],

E[last]�¥m��"£ü«�¹e§3Partition�cE[first]��ÑòkÚpivot�

���"¤ü«üÑÑI�3ÀJpivot ���:�	ó�§�´¦�¬~�¯�

üS§S�²þ$1�m"

�À�PartitonüÑ

©¥Ð«�Partition��3²þ�¹e������£Ä§�Ù¦partitioningü

Ñ'�"ù�f~§'��ß§and coding these in-line would save some

overhead¶�´k
?Èì�±gÄ�ù«`z"Ù¦`z�Ä3�Ù�¡

�NotesÚReferences¥J9"3öS¥k���À��§ëY¥���´un

)Ú?§§�´�ú"

3È5µ48N^�5�
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�8ÜüS

¢SA^¥¯�üSéu��8Ü�JØZ§Ï�k�õ�L§N^"�

´§̄ �üS�{éu��n�5��¬©)¤��f8Ü248üS¦�"Ï

d§�f8Ü���½§Ý�§�{ÒC�$�Ç
"ù�¯K�±ÏLe¡�

�{5Ö�§ÀJ����smallSize§�8Ü����u½�usmallSize��ÿ

æ^{ü�48�üS§3U?L��{¥N^
smallSort"£d��\üS´

�Ø��ÀJ"¤

quickSor t (E, f i r s t , l a s t )

{

i f ( l a s t − f i r s t )> sma l l s i z e )

{

pivotElement=E[ f i r s t ] ;

p ivot=pivotElement . Key ;

i n t s p l i tPo i n t=pa r t i t i o n (E, pivot , f i r s t , l a s t ) ;

E[ s p l i tPo i n t ]= pivotElement ;

qu ickSor t (E, f i r s t , s p l i tPo i n t −1);

qu ickSor t (E, s p l i tPo i n t +1, l a s t ) ;

}

e l s e

sma l lSo r t (E, f i r s t , l a s t ) ;

}

ù��Y���CN´aLN^smallSort"K�¯�üSòÑ�§ê|Ø

´kS�§�´¤k���Ñ�I�£Ä�usmallSize� �ÒU��§�

(£üSÐ�¤� �"£��oº¤Ïd���?n§?1�g�\üSò´�

~k��§
�Ø¬�c¡@���¥�smallSortN^�éõ�Ó�'�"

smallSizeT�õ�Qº�Ð�ÀJ�6u�{äN�¢y£�Ò´¦^�O

�Å§±9§S�[!¤§Ï
·��±3overheadÚ'��m��e��"10´

��Ün��"

æÒ�m`z

·�*	�Quicksort�48N^�Ý�Ué�§���¹e�U�

�n£3Partitionzg�©)������ÿ¤"NõpushingÚpoping�Ñ´

Ø7��"Partition��§§Sm©üSf��E[first], · · · , E[solitPoint− 1]¶

��§7LüSE[splitPoint + 1], · · · , E[last]"

1��48N^´L§����é{§¤±�±^·�c¡3�\üS¥

^ushiftVac��ªò1��48=�¤S�"1��48�,3@p§¤±�

´Ü©��Ø
48"
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¦+�kL§¥�k��48N^
§·�E,�'%48�Ý"�zg

48N^�U'c�g����:�§48�ÝÒ´�¯K"¤±·�¦^�

1��E|´;�483��f���48"ÏL�yzg48N^3�C§

�/I048N^���f��þ§48�Ý�y�±3lgn"ü�idealÜ¿3

e¡���¥§/TRO0L«/�48`z£tail recursion optimization¤0"�{

´3zgpartition��§e�g48ò3��@�f��þ§��f��ò��

^whileÌ�?n"

quickSortTRO(E, f i r s t , l a s t )

{

i n t f i r s t 1 , l a s t1 , f i r s t 2 , l a s t 2 ;

f i r s t 2= f i r s t ; l a s t 2= l a s t ;

whi l e ( l a s t2− f i r s t 2 >=1)

{

pivotElement = E[ f i r s t 2 ] ;

p ivot= pivotElement . Key ;

i n t s p l i tPo i n t=pa r t i t i o n (E, pivot , f i r s t 2 , l a s t 2 ) ;

E[ s p l i tPo i n t ]= pivotElement ;

i f ( s p l i tPo i n t<= ( f i r s t 2+ l a s t 2 )/2)

{

f i r s t 1=f i r s t 2 ; l a s t 1=s p l i tPo i n t −1;
f i r s t 2= s p l i tPo i n t +1; l a s t 2 =l a s t 2 ;

}

e l s e

{

f i r s t 1= s p l i tPo i n t +1; l a s t 1= l a s t 2 ;

f i r s t 2= f i r s t 2 ; l a s t 2 =sp l i tPo i n t −1;
}

}

return ;

}

(Ü¦^ù
U?Ãã

c¡·�Õá�?ØA«?U�{§�´¦��±�N�|Ü3��§S

¥"
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Remarks

¢S¥§¯�üS§Sé��n²þ
ó$1�é¯§´2�¦^��

«üS�{"�´3���¹e§̄ �üSé<s"aq�\üS£ëw4.2�

!¤§MaxsortÚk�üS£öS4.1Ú4.2¤§̄ �üS���¹´Θ(n2)§�´�Ù

¦ØÓ§̄ �üS²þ1�3Θ(n logn)"küS�{���¹U3Θ(n log n)í§

½ö·��±ïá���¹�.�Ò´Θ(n2)"4·�2gu�Ï^�Eâ§w

wXÛU?���¹e�1�"

4.5 8¿kSS�

3ù�!¥·�£��ee¡¯K���)û�Yµ�½ü�,SS

�AÚB§8¿üö����#�S�C"8¿kS�fS�´8¿üS�'�

üÑ"8¿kSfS�Ó�kNõ��{§3öS¥kJ9"ïþ8¿�{�Ý

þ´'�i'��gê"

-kÚm´©O´AÚB���êþ"-n=k+m /́¯K�5�0"b�AÚBÑ

Ø´��§·��±á=û½C�1����µÒ´AÚB�1����¥��

@�"C�e�Ü©Qºb�A�1����´'B��"KC�e�Ü©�½

´AØ1����	¤k���ÚB¤k���8¿"ù�´·�m©@�¯K

�����:���"XJC�1����´5gB�§̄ K´é¡�"ü«�

¹e�e¯K�5�£�EC�e�Ü©¤Ñ´n-1"Method99£3.2.2�!¤"

XJ·�b½·�=I�8¿5�´100�¯K§
�·��±N^merge995

8¿5�´99�¯K§K¯KÒ)û
"��èXeµ

merge (A,B,C)

i f (A i s nu l l )

r e s t o f C =r e s t o f B;

e l s e

i f (B i s nu l l )

r s t o f C =r e s t o f A;

e l s e

i f ( f i r s t o f A<= f i r s t o f B)

f i r s t o f C= f i r s t o f A;

merge99 ( r e s t o f A, b , r e s t o f C) ;

e l s e

f i r s t o f C= f i r s t o f B;

merge99 (A, r e s t o f B, r e s t o f C) ;

r e turn ;

y3�I�òmerge99�¤mergeÒ´��48)û�Y
"



4.5. 8¿kSS� 139

��k��)û�Y§·�Ò�±��{ò§C¤��S�)û�Y"n

���¹´éu¤k�ëYêâ(��^§�´3Ø�²��¹e§·���{

=�uê|"·�3S�zgm©��ÿÚ\3�¢Ú5�l/rest of A0,/reat

of B0Ú/rest of C0"£ù
¢Ú348��¥´ëê"¤

�{ 4.4 8¿

Ñ\µê|Akk���§Bkm���§ü�ê|Ñ´,S�"

ÑÑµC§��ê|�¹n=k+m�5gAÚ½���§Ó�±,Sü�"C´

D\�§�{W¿§"

void merge ( Element [ ] A, i n t k , Element [ ] B, i n t m, Element [ ] C)

{

i n t n=k+m;

i n t indexA=0, indexB=0, indexC=0;

// indexA´rest of A�m©� �§BÚCaq"

whi le ( indexA<k && indexB<M)

{

i f (A[ indexA ] . key<=B[ indexB ] . key )

{

C[ indexC]=A[ indexA ] ;

indexA++;

indexC++;

}

e l s e

{

C[ indexC ]B[ indexB ] ;

indexB++;

indexC++;

}

}

i f ( indexA>=k)

Copy B[indexB,,,m-1] to C[indexC,,,n-1].

e l s e

Copy A[indexA,,,k-1] to C[indexC,,,n-1].

}

4.5.1 ���¹

��AÚB¥�'�ik�g'�§��k����£Ä�C§
�Ø¬3

u�ù���
"3���g'���§��kü���–ü�ë\'��–�
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vk?\C"��@�êþ£Ä?�
§�´y3C�õkn-1���§
2vk

'�
"�e�ó�Ò´ò,�ê|�e���£Ä�CØ�?Û'�"¤±�

õkn-1g'�§���¹e¤k�n-1g'�§=A[k-1]ÚB[m-1]fÐ´C��

�ü����"

4.5.2 8¿�`z

e¡·�òü«§�k=m=n/2�3Äu'���{����¹e§�

{4.4´�`�"Ò´`§éu?ÛÄu'���{�
3k=m=n/2��ÿ��

¤k�Ñ\Ñ�(§���3,
Ñ\7L��n-1g'�"£ù¿Ø´`§é

u,
A½�Ñ\k�{�'�{4.4�Ð"¤�Ä�k=m=n/2��§·�2w

wkÚm�Ù¦'X"

½n 4.4 ¤kÏL'�'�i8¿ü�¹kk=m=n/2��kSê|��{§3

���¹e����n-1g'�"

y² b�·��Ñ?¿8¿�{"-aiÚbi©O´AÚB �1i���"·

��±ÀÑ�|keys§¦��{7L'�ai�bi£0 ≤ i < m¤§±9ai�bi+1£é

u¤k0 ≤ i < m − 1¤"A½�§UXe�ªÀÑkey§=?Û�ÿ��{'

�aiÚbi§XJi < j§K(J´ai < bj§XJi ≥ j§K(J´bj < ai"ÀJX

ekey

b0 < a0 < b1 < a1 < · · · bi < ai < bi+1 < · · · bm−1 < am−1 (4.4)

ò÷v^�"�´§éu,
i§�{[�Ø'�aiÚbi§K�ª4.4 �^SÀ

Ñkeys§Ø
vkai < bj§�ò÷v^�§�´�{ØU���(�^S"

aq�§XJéu,
i§�{lØ'�aiÚbi+1§�ª4.4�ü�§Ø
bi+1 <

ai§Ù¦�'XÑUd'���§�´�{�´ØUû½�(�^S"
4

·�U��zù�(Øíºb�kÚm´Ø���£Ò�·�38¿üS¥

���¤º

íØ 4.5 ü�kSS�©O�¹kÚm���§kÚm��1§n=k+m§?¿ÏL

'�8¿ü�kSS���{§ò���n-1g'�"

y² y²L§Ú4.4aq§Ø
vkam−1

·�U�?�Ú���z·��(ØíºXJ·�Ué��«4à�¹�

1�§u�,��4àÏ~´��ÐÌ¿"ùp§1��/4à0´k=m§¤

±,��4à´kÚm ��¦�U��"4·�w,�«4à�¹§k=1§m�

~�§n=m+1"·��±���{��¦^⌈lg(m + 1)⌉g'�(��oº5) u

4È5µùp�y²L§¢SþÒ´�E
��Ñ\S�÷v�ª4.4§=���¹§,�y²§

XJ�un-1g'�òØU���(�^S"
5È5µ��u��©�é
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8¿�c

Empty

Figure 4.12: 8¿¦^Overlappingê|

´w,n-1Ø´ù«�¹�.�"k=1��¹�±��z�k��un��¹£ö

S4.24¤"Ïd§½n4.4ÚíØ4.5�.�ØU*Ð�¤kkÚm�|Ü"�õ�U

5��¹3Ö�4.7!�§ëwöS4.33"

4.5.3 �m¦^

Ï�¤k���Ñ����C§l�{4.4wÑ8¿oê´n�^8I�2n�

����m",
k
�¹e§I��	�m�êþ�U~�"'X§S�´ó

L"K3Ü¿�¤��A,BÒØI�
§AÚB���­#|¤
C"

b½Ñ\�S��;3ê|¥§�kk ≥ m"XJAkv
��m5

�n = k + m ���§K�I�A¥��	m���Ò�±
"{ü�òC±A5

I£§,�lAÚB�màm©�8¿£�'�i��à¤§Xã4.12¤«"�k

£Ä�/C0m�^8òW¿A�	��m"l@�m©§A¥�� �¦^
"

3¤k^8�8¿��c§3±8¿�¤� �ÚA�e�^8�mo¬k�

�gap£�Ò´`§k�
� ¤"w,XJ¦^ù«!��m�;�ª§8¿�

{����1£else Copy A[indexA,,,k-1] to C[indexC,,,n-1]¤�±��Ø§

Ï�µXJB'Ak�§A¥�e�^8Ò3¦��(� �§ØI�£Ä"
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Sorted

Sorted Sorted

Merge

first last

⌊(first + last)/2⌋

48N^8¿üS 48N^8¿üS

Figure 4.13: 8¿üSüÑ

Ø+Ckvkoverlap�Ñ\ê|§�k = m = n/2�§8¿�{¦^��	

�m3Θ(n)

4.6 8¿üS

Quicksort�¯K´PartitionØUo´òê|©¤ü����Ü©"8¿ü

Sòê|©¤ü���Ü©§2©OüS£�,´48�¤"��§8¿ü�®

²kS�Ü©£ëwã4.13¤"Ïd§¦^4.3!�©
£�Eâ§/©0==´O

�f���¥m¢Úvk?Û'�i'�¶/Ú0́ 8¿"

·�b½8¿U¤Ü¿ê|ü����f��§òÜ¿���ê|�£�

5��m"§�ëêy3´E!�Ü¿�f���¢Ú´first!mid!last¶üS

�fS�´E[first], · · · , E[mid]ÚE[mid + 1], · · · , E[last]§���¤üS�S

�´E[first], · · · , E[last]"ù�?U��§mergef~§�´I�©��	��

m"Ù¥�
ÌK34.5.3�!¥?ØL
"

�{ 4.5 8¿üS

Ñ\µê|E¢Úfirst§last§E[i]£first ≤ i ≤ last ¤

ÑÑµE[first],E[last] ´®²kS���"

·�uyÆ)²~òMergeÚMergesortt·"P48¿üSMergesort´�

«üS�{"§^uò��,Ï�ê|üS"8¿Merge^uòü� ®²kS
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�ê|Ü¤��kS�ê|"

void mergeSort ( Element [ ] E, i n t f i r s t , i n t l a s t )

{

i f ( f i r s t <l a s t )

{

i n t mid=( f i r s t+l a s t ) / 2 ;

mergeSort (E, f i r s t , mid ) ;

mergeSort (E, mid+1, l a s t ) ;

merge (E, f i r s t , mid , l a s t ) ;

}

}

8¿©Û

Äké����¹eMergesort'�i'��ì?�"·�½Â¯K�5

�n = last− first + 1§�üS����ê"48üS���¹�48�ª´

W (n) = W (⌊n/2⌋) + W (⌈n/2⌉) + n− 1

W (1) = 0
(4.5)

Master½nêþw�·�W (n) ∈ Θ(n log n)"¤±ªu§·�k
�����

¹e3Θ(n log n)�üS�{"·�3ùpÒØm8#���!5©Û²þE,

5§·�òù�¯Kí´�·�uÐÑ�Ï^�½n4.11��2?Ø§½n4.11

'5²þ1�§Ò3�¡�4.7 !?Ø"

8¿üS���U�":´§I�9Ï�m"Ï�8¿I���	�m

3Θ(n)§8¿üSØ´��in-placeüS"

*�°(�8¿üS©Û

�âe�!£4.7¤¦Ñ�.�§k�ÿI������¹e'�gê��

°(�"·��±wÑMergesort�~�C$�"Öö�±aL��!�[!�

��wÌ�(Ø§½n4.6"

3�ª4.5�48ä£ëwã4.14¤¥§·�*	��Ý�d�!:s��4

8�Ñ�Ú´n − 2d£éu¤kÓ�Ý!:§Ø�¹Ä��¹"¤"·��±�

Ñ¤k�Ä��¹3£W (1) = 0¤3�Ý⌈lg(n + 1)⌉ − 1½⌈lg(n + 1)⌉"TÐ
kn�Ä��¹!:"-���Ý�D§£�Ò´D = ⌈lg(n + 1)⌉¤§-B´�Ý

�D − 1�Ä��¹��ê8"K3�ÝDkn − B�Ä��¹£
�3�ÝDv

kÙ¦�!:¤"3�ÝD − 1�z���Ä��¹!:Ñkü�¯f§u´3

�ÝD − 1k(n−B)/2��Ä��¹!:"¦^ù
&E§·�O���A��

Ý��48�ÑXeµ
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Figure 4.14: 8¿üS�48ä"

1. �ÝD − 2k2D−2!:§Ù¥vk��Ä��¹!:"ù����48�

Ñ´n− 2D−2"

2. �ÝD − 1k(n−B)/2��Ä��¹"z���Ä��¹!:�¯K5�

´2£Ù�Ñ´1¤§u´ù����48�Ñ´(n−B)/2"

3. �ÝDkn−B�Ä��¹§�Ñ´0"

\�±�yB = 2D − n£öS4.29¤"Ïd

W (n) =

D−2
∑

d=0

(n− 2d) + (n−B)/2

= n(D − 1)− 2D−1 + 1 + (n−B)/2 = nD − 2D + 1

(4.6)

Ï�D´ÏL��$�����ê�§�3�ê�¥Ñy§éJ�Ñ�ª4.6�

1�32��ê¼ê¥�@���"·�y²e¡�½n§§l�ê¥£Ø��

¼ê"

½n 4.6 ���¹e8¿üS�'�gê3⌈n lg(n) − n + 1⌉Ú⌈n lg(n) −
0.914n⌉�m
y² XJ·�½Â
α = 2D/n§K1 ≤ α < 2§�3�ª4.6¥§òDO�

¤(lg(n)) + lg(α)"ùò��W (n) = n lg(n)− (α− lg α)n + 1"(α− lg α)���

��´0.914£ë�öS4.30¤§���31�S"
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Figure 4.15: üS�{�ûüä§n=3
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4.7 Äu'��üS�.�

�\üSÚ¯�üS��'�i'�gê3���¹e3Θ(n2 )"·�U^

8¿üS\±U?§¦����¹3Θ(n log n)"·�U���Ðíº

3�!¥·���?ÛÏL'�'�i5üS�{3���¹eÚ²þ�

¹e7L��'�gê�.�"ù�(Jw�·�·��±Ê�Ïé�Ð��
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��.�§·�b��üSê|¥�'�i´pØ�Ó�"

4.7.1 üS�{��½ä

-n´�½�§b�'�i´x1, x2, · · · , xn"·�òz���{Ú����

ên�'é§��£��ä¤ûüä£ã�'�'�i�S�Ò´�{é?¿Ñ

\5�n�1�"-Sort´?¿ÏL'�'�iüS��{"z�g'�kü�

©|£Ï�'�i´pØ�Ó�¤§·�b�Sortk��ÑÑ�-±ÑÑ­#ü
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is�­ü"z��Úä'é�'�£xiÚxj¤´��ä§Ù�´IP
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�'�ÚÑÑÑ´�xi > xj��¹"Sort�ûüä´1�g'��-�1��

��ä"ã4.15Ð«
��n = 3�ûüä�~f"

A½Ñ\Sort�1�éAXlûüä��÷X�^path��f"ûüä7

Lk��n!��f§Ï�éun�'�ikn!«ü�"Q,z��Ñ\����

´»=�6uÑ\¥'�i�^S£order¤§
Ø�6u¦�äN��§¢S�
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�´»ò�£Ø"·��b�=k��¯f�'�!:ò�£Ø¿���¤¯

f§ù«/?}0ò��±Y�¤k�internal!:�ÝÑ¤2"?}L�äL«
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4.7.2 ���¹�.�
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��ÏL'�üS����¹�.�§·�k��(½�fêþ�p

Ý�.�§Ï�·����'uûüä���êþ&E´�f�êþ"

Ún 4.7 -L´��ä¥�f�êþ§-h´��ä�p"KL ≤ 2h"

y²µ{ü���8Bh=�"

Ún 4.8 -LÚhX4.7�½Â"Kh ≥ ⌈lg L⌉"
y²µò4.7¥Ø�ª�ü>Ó��éê��lg L ≤ h"Q,h´�ê§Kh ≥
⌈lg L⌉"

Ún 4.9 éu�½�n§ÏL'�'�i5üS�?¿�{�ûüä�p��

´⌈lg n!⌉"
y²µò4.8¥§�L = n!"

¤±§���¹e'��gê��´⌈lgn!⌉"î8��·��Ð�sort´8

¿üS§�´⌈lg n!⌉Ún lg nÚkõ�Cº�
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«��B�/ª§¿é�§�.�"kÐA«Cz�{"�U�{ü�§�´Ø

´�~°(�Xe

n! ≥ n(n− 1) · · · (⌈n/2⌉) ≥
(n

2

)
n
2

u´

lg n! ≥ n

2
lg

n

2

ù´3Θ(n log n)"Ïd·�®²w�8¿üSk�`�ì?�"�
¼��C

�.�§·�¦^¯¢

lg n! =
n
∑

j=1

lg(j)

¦^�ª1.18·���

lg n! ≥ n lg n− (lg e)n

ùpeL«g,éê§lg(e)�´1.443"Ïdûüä�pÝ��´⌈n lgn−1.443n⌉"
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148 CHAPTER 4. üS

�K�§¤±epl´~��"ÏdXJ2-tree3¤kL��f¥äk���epl§K

§�external path length��´L lg(L)6"

Ún3.7¦�>.�\°(¶§5½
£3·��þe©¥¤?¿L��f�

ûüäkepl ≥ L lg(L)§u´�ÑÑ�-!:�²þpath length��´lg(L)"ù

êþ�Ñe¡�½n"

½n 4.11 ÏL'�üSn�^8��{¦^�²þ'�gê��´lg(n!)§�

´n lg n− 1.443n"

����¹�����«O3u²þ�¹ØI�������ê))²þ

��±Ø´�ê§�´���¹7L´�ê"¦+·�lvk©ÛL8¿üS

�²þ�¹§ù���5�>.#N·��Ñ(Ø§8¿üS�²þ�¹Ø�

U'§����¹$¶Ì���Ü©��§g��Ü©�k�0.5n��å"Ó�

�§̄ �üS�²þ�¹éu?¿�Or��UJp��30%§'X�%�À

Jsplitting ��"

4.8 æüS

¯�üS­#ü��5ê|���§�´ØU�yé���¯K?1��

�©)§Ïd§k������¹"8¿üS�±�y¯K�©)§é���

�¹e��C�`§�´§ØU3�5ê|­#ü�¶§I�����9Ï�

�m"æüS­#ü�
ê|���§§����¹Θ(n log n)§ù´�`�O

�Ç§¤±nÜ
¯�üSÚ8¿üS�`:"§�":´k'Ù¦ü���

~êÏf"�´#���Heapsort~�
~êÏf§¦�æüS�±Ú¯�Ú

8¿�å¿�
"·�¡ù�#���Accelerated Heapsort"ÏdAccelerated

Heapsort�´�«üS�ÀJ�Y"

4.8.1 æ

æüS^��«�æ�êâ(�§§´��AÏ���ä"æ�½Â�)ê

â(�Ú!:þêâ�^�§��partial order tree property"��ª�§æ(

�´������ä§§��f!:�m¡Ü©�UØ�"£ë�ã4.17¤æJ

ø
éADT`k?è���k�¢y£2.5.1¤"3æ¥§�p`k?��êâ�

3�!:"�âù«`küS�*:§�!:�±´���£�ºæ¤½´��

�£�ºæ¤"éu��,S�æüSüS�æ§·�I�ïá���ºæ§·

�òlù�¡5£ãæ§Ù¦�¹·��UI�ïá���ºæ"

·�ò¦^ü�â�§S´��'�i´�.����8Ü§T´pÝ�h�

��ä§§�!:áuS"

6È5µ�Ò´²ïä���¹
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(a) ��2-tree (b) ����ä

9

5 7

1 4 3 6

(c) æ1

50

24 30

20 21 18 3

12 5 6

(d) æ2

Figure 4.17: 2-trees§����äÚæ

½Â 4.1 æ(�

��äT´��æ(�§��=�§ÎÜe¡�^�µ

1. T�pÝ���h-1������ä

2. ¤k��f��Ý�h½h-1

3. ¤k��Ý�h��f�´»Ñ3��Ý�h-1��f�´»��ý

�Ý�h-1��m>�SÜ!:�Uk�¯f§vkm¯f"Ù¦�SÜ!

:Ñk2�¯f"æ(��,��¶i´�����ä"

½Â 4.2 partial order tree property

äT £́��¤partial order tree ��=�z��!:Ñ�u�u§�z�

�¯f£XJ�3¯f¤"

������ä´��æ(�"�V\#���æ�§¦�7Ll�gm

\��.�§
�XJ£Ø!:§7L�?�.��m>�!:§XJ£Ø!:

��E,´��æ�{"5¿�7L´æ¥�����"

4.8.2 æüS�üÑ

XJ�üS���3��æ¥§K·�ÏL­Ee¡�L§�E��_S

�µræ����£�e������¤£Ñ§£r
������­#ü��

�¦��e���E,´��æ"ù�ö�Ò´`k?è�ADT�deleteMaxö

�"£·��±^�ºæ5����,SS�§�¤±^�ºæ´Ï�·�

34.8.5�ÆS�«�k�Ç�¢y�{"¤
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50

24 30

20 21 18 3

12 5 6

(a) æ

24 30

20 21 18 3

12 5

vacant

(b) ����®²�£Ø¶.��m>�f�£

Ø
"K = 6I�2g�\æ"

30

24

20 21 18 3

12 5

vacant

(c) vacant���¯f§30§'K�§¤±30þ

£§vacante£"

30

24 18

20 21 3

12 5
vacant

(d) vacant���¯f§18§'K�§¤±18þ

£§vacante£"

30

24 18

20 21 6 3

12 5

(e) ��§Q,vacant®²´�f
§K�\"

Figure 4.18: íØ����§¿­ïpartial order treeá5

Q,1�Ú´�ïá��æ§��ØäN^deleteMax£ù�¼êN^,�

­#�E��_S�æü���¤§ùwå5Ø�����üS�{�k��

üÑ"�´r§uÐ¤��üS�{éN´"Ïd·�3ùp�V��ÑüÑ§

�¬�Ñ[!"Ú ~��§·�b�n�����3ê|E¥§�´ùg·�

b�¢Úl1, · · · , n§Ï�ù�·�wæ�¢y�ª�'��Ù"6�·�b�
æ£�H¤3O?"

heapSort (E, n )

Construct H from E, E´�üS�n����8Ü¶

f o r ( i =0; i >=1; i−−)
curMax=getMax(H) ;

deleteMax (H) ;

E[ i ]=curMax ;
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ã4.18�1�Ú���ã¡Ð«
��~f§©O´forÌ�m©Ú(

å����¹"¥m�ã¡Ð«
deleteMaxÚfixHeapN^�­#ü��Ú

½§fixHeapddeleteMaxN^"

deleteMax (H)

��H�.��m>����K"

íØH�.��m>���"

f ixHeap (H,K) ;

w,§A�¤k�ó�ÑdfixHeap�¤"

·�y3I����{5�Eæ§�I����{5fixHeap"Ï�fixHeap

�±^5)û�Eæ�¯K§¤±·�e¡�ÄfixHeap"

4.8.3 ?�æ

fixHeapL§¡Eæ(��partial order tree property§æ(�7L´Ø


�±	Ù{Ü©Ñ´ÎÜ�¦�"A½�§�fixHeapm©��ÿ§·�k��

� /́� 0�æ(�"ü�fäÑ´partial order tree§
·�k���	��

�§�K§��\�æ¥"Q,�´��� §·�l�m©§-K£� !:¤

eü�§�(� �"�� �(� ���§K£O(�`´K�'�i¤7

L�u½�u§�ü�¯f§ù�z�Ú¥KI�Ú�c� !:���¯f

'�"XJK�u£½´�u¤§Ò��±��\��c� !:?"ÄK§�

�¯f�£Ä�� §­E�"

~ 4.1 FixHeap¢Ô

fixHeap�Ä�Ð«3ã4.18�1��1Êã¡¥"��£ò�:§1�

ã¡Ð«
Ð©��G�§=4.8.2�!¥heapSort�forÌ�m©��G�"Ä

k§fixHeapòH��'�i50���curÈax§¦�ä��´��� ¶,�§§

N^deleteMax§§ò�.��m>�'�i6���K§¢S�íØT!:"

ùÒ�
1�ã¡§ù´fixHeap(H,K)m©"� !:���¯f´!

:30§ù'K�§¤±30£��  �§� eü§�1nã¡"Ó��§� !

:���¯fE,�uK§¤±� !:UYeü"e�g§� !:´���

f§¤±K�±��\�ù� �§H�partial order tree property Ò¡E
"

¦+æ�ä(�´Ù���N´n)HeapSort§·���ò^ê|5L«

æÚfæ§
vkwª�>"

�{ 4.6 FixHeap£Outline¤

Ñ\µ������ä�k��/� 0�§�§��fäÚmfäÑ´partial

orderä§��\��K"H�type�æ"H�!:b�a.�Element"

ÑÑµ����äH§Ù��´KÚ�5H���§÷vpartial order tree prop-

erty"
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5¿µH�(�ØUC§�´!:�SNUC"

f ixHeap (H, K) //OUTLINEA

{

i f (H´�f)

�\K�H��þ

e l s e

��largerSubHeap¤leftSubtree(H)½rightSubtree(H)§ÀJüö¥

��'�i��"��rightSubtreeØ´�§K¬k�g'�i'�"

i f ( K. key >= root ( largerSubHeap ) . key )

òK�\H��

e l s e

{

�\root(largerSubHeap) �H�� ;

f ixHeap ( largerSubHeap , K) ;

}

return ;

}

Ún 4.12 fixHeapL§éupÝ´h�æ3���¹e'�'�i2hg"

y² z�gL§N^�õküg'�i'�§zg48N^äp~�1.£3

û½largerSubHeap�k�gÛª'�"¤

4.8.4 �Eæ

b�·�m©r¤k���Ñ?¿��\æ¶Ò´`§partial order tree

propertyéu?¿fäÑØ´7L�"fixHeap�{�±ÏL©
£�üÑ

5ïápartial order tree property"ü�fä�±�48=�¤æ§,�N

^fixHeap5ò���eü�§�(� �§ÏdÜ¿ü�fæÚ�Ò¤
��

æ"Ä��¹´d��!:|¤�ä£~X���f¤¶§®²´��æ
"e

¡��{Ò´ù«g�"

�{ 4.7 �Eæ

Ñ\µæ(�H�´Ø�½ÎÜpartial order tree property"

ÑÑµk�Ó���H§®²­#ü�¦�÷vpartial order tree property"

XJ·�
mù�©
£���{§·�¬w�¢S�ó�l�C�f�!

:m©"£ù´�«�SH{"¤ë�ã4.19"öS4.38�¦\¢y��S���

�constructHeap"
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�(5

½n4.13 L§constructHeap�§�ëêHïápartial order tree property"

���¹©Û

constructHeap�48�ª�6ufixHeapÑ¤��m"½Â¯K�5�

´n§n´æ(�H¥!:�êþ§·�w�fixHeapI���2lg(n)g'�i'

�"-rL«Hmfæ�!:�ê8"·�k

W (n) = W (n− r − 1) + W (r) + 2 lg(n)éun > 1

¦+æ´¦�U²ï�§r�±��n/3"Ïd§�costructHeap´©
£��

{�§§�ü�f¯KØ�½´���"éu?¿�n3êÆþ)ûù�48

ªfk:(J"·�k)ûN = 2d − 1��§Ò´`´������ä§Ké

un3N/2�N�m§W(N)´W(n)�þ."

éuN=2d-1§�fäÚmfä�!:êþ´���§¤±48�ªC�

W (N) = 2W (
1

2
(N − 1)) + 2 lg(N)éuN > 1

y3¦^Master½n£½n3.17¤"·�-b=2§c=2£N/2�(N-1)/2�m�«O

�±�Ñ¤§E=1§±9f(N)=2lg(N)"y3Àε = 0.1£½ö?Û�u1��ê¤·

^½n��¹1µ2 lg(N) ∈ O(n0.9)"KW (N) = Θ(N)"

y3§£����n§Q,N ≤ 2n§W (n) ≤W (N) ∈ Θ(2n) = Θ(n)"Ïd§

�Eæ´�.�m�£,���{3öS4.39¥"¤

y3E,Ø�ÙHeapsort´��Ð��{¶§q�I��	��m"e¡�

Äæ�¢y"

4.8.5 æ�¢yÚæüS

��äÏ~^óª(�¢y§z�!:�¹��£½´Ù¦«a�Ú^¤

��§�fä"��Ú¦^z�(�I��	��mÚ�	��m����"

�´§·��±��Ø^��5�;Ú¦^æ"3æ¥§�kd-1�´÷��¹

ed�â�Uk!:§¤±��æ�±�±U���3ê|¥§z��l�gm

�g��!:"ã4.20w«
XÛ��ã4.17¥�ü�æ"^ù��Y§·�7

LU¯��é���!:�f!:§±9¯��û½��!:´Ø´�f"ò

���3¢Ú1§
Ø´0§́ é­��§ù'X�·�ò�ù��úª"

æüS©Û

4.8.6 \�æüS

£Á�e§fixHeap?n�´� §�´��ü�fäÑ÷vpartial order

tree property"��#�!:ò�\§�´§�U��ØU�3�� �"ù�
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��eü��½mfä§��§Ü·� �"

b���'�im©��ÿ ��$§Ò´`§éu§�c� �§�


"bubbleUpHeapò§��",å""̄ ¢þ§",å"¬�{ü§Ï�§���I

��§�I!:'�–ØI�û½�¯f��´m¯f�"bubbleUpHeapL§

´éfixHeap£�{4.9¤�g,�Ö¿"3�ÑbubbleUpHeap�[!��§·�

òw�XÛ¦^*ÐÏf5òHeapsort\�����"

·�UYb�´�ºæ§Ï�ù´Heapsort¦^�a."O(�`§bubbleUpHeap

ò�Ñ��KÚ���  �§ù�ò����� � ��U�$¶K�U�

u§�I!:"

L§4� ���´»þ�����eü§� þ,§���#��é��

(� �"£éu¢Úi§I!:´⌊i/2⌋ "¤ö�aqu�\üS¥ò��#��
�\�c¡®²kSS�¥�L§"

�{ 4.8 Bubble-Up Heap

Ñ\µ��L«æ(��ê|¶�êL«�rootÚvacant§����K��

\�vacant½´vacant�yk§¿��±E�partial order tree property"���

�precondition§XJØ�vacant§Ekpartial order tree property"

ÑÑµ±root���K®²�\�fæ§�kpartial order tree property"

5¿µE�(�vkUC§�´§�!:�SNUC
"

void bubbleUpHeap ( Element [ ] E, i n t root , Element K, i n t vacant )

{

i f ( vacant==root )

E[ vacant ]=K;

e l s e

{

i n t parent= vacant /2 ;

i f (K. key<=E[ parent ] . key )

E [ vacant ]=k ;

e l s e

{

E[ vacant ]=E[ parent ] ;

bubbleUpHeap (E, root , K, parent ) ;

}

}

}

ò����ÏLbubbleUpHeap,å���I��g'�"�{4.10�±^

5¢y3æ¥�\����£ë�öS4.41¤"
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�{ ���¹ ²þ�¹ �m¦^

�\üS n2/2 Θ(n2) in place

¯�üS n2/2 Θ(n logn) �	�mÚlog n¤'~

8¿üS n lg n Θ(n logn) �	�mÚn¤'~

æüS 2n lgn Θ(n logn) in place

\�æüS n lg n Θ(n logn) in place

Table 4.1: o«üS�{©Û�(J"Entries are number of comparisons and

include the leading terms only"

éÜbubbleUpHeapéfixHeap���{ü�?U§#N·�òHeapsort'�

�gê~����m"ù¦�Heapsort�±3'�gêþÚ8¿üS¿�
§¦

�����¹e�Xê��
£1¤"���£Ägê§vk~�§�´êþ?Ú

8¿��
"æüS�`:´Ø^9Ïê|"

Ì��g�´{ü�"fixHeapò����eü��I�üg'�"�´·

��±;�Ù¥�g'�–

©Û

��þ§

4.9 o«üS�{�'�

L4.1nÜ
î8��?ØL�o«üS�{©Û�(J"¦+8¿üS

3���¹e��C�`§�´k'�gê����{"4.7!���.�´�

�Ð�"§éuk
n��´é°(�¶Ò´`§üS⌈lg n!⌉g'�Òv
§é
u�
n��"���⌈lg n!⌉¿Ø´éu¤kn��Ñv
"~X⌈lg 12!⌉ = 29§

�´®²y²üS12���3���¹e��I�30g'�"ëw�Ù�¡

�NotesÚReferences§=«üS�{3���¹e��C.�"

4.10 ShellüS

ShellüS£±u²öDonald Shell ·¶¤̂ �Eâ´k��§
��{´u

?§§$1���¯"�´§�©Û´�~(J§
�´Ø���"

4.10.1 �{

ShellüS
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4.10.2 ©ÛÚ5¿¯�

4.11 ÄêüS

éu4.2�4.10�üS�{§éu'�i�b��k��µ¦�´�.�8

Ü"Ä��ö�´'�ü�'�i"XJ·�é'�i��õ�b�§·�U�

±é'�i�Ù¦�ö�"�!ÆS�«#��{§�/×üS0§/ÄêüS0

½ /́©�üS0

4.11.1 ¦^'�i�á5

b�'�i´�<3k¡þ�¶i§��k¡��¶i"�
^Ãò¦�

Ui1^SüS§·�Äk�âÄi1ò¦�©¤26æ§½öUA�i1�æ

©Ð¶̂ Ù¦�{òz�æk¡Ui1^SüÐ§'Xaq�\üS¶��Ü¿

üÐS�æ"XJ'�i´5 �?�ä§·��±�â1� ò¦�©¤10æ"

XJ'�i´1�m�m��ê§·��±zm�k©�æ§[1, m/k]§[m/k+1,

2m/k]��"þ¡�~f¥§Ñ´�âu�'�i���üÕi1½� êi§

½´�ýk½Ð��'�§5ò'�i©u�ØÓ�æ¥",�2òæüÕü

S3|Ü"±ù«�ªüS��{�c¡?Ø¤��{ÑØÓ§Ï��¦^ù

«�{·�7L��'�i�(�½´^S"

·�ò3�¡Ð«ÄêüS�{�[!"�
«©Óa#�Ù¦�{§·

�¦ /̂×üS0�ùa�{�Ï^¶i"

×üSkõ¬

��×üS�{k3Úµ

1. ©u'�i

2. üÕüS×

3. Ü¿×

z�Úó��a.Ñ´ØÓ�§¤±·�À��Ï^�Ä�ö�5Oê�üÑ

ØÐ^
"b�kk�×"

3©u�ã§�{u�z�'�i�g£Ø+´u�,�A½� �§½´

ò'�i�~ê�A½�'�"¤,��{û½'�iáu@�×"ù�Ú�U

V����'�i½´����Ú^�o�"1�Ú���Ün�¢yATò

ö�Úê��3Θ(n)"

�
üS×§b�·�¦^�«Äu'�'�i�üS�{§=é

um����×I�S(m)g'�"-ni´1i�×¥����ê"1�Ú�{

��Σk
i=1S(ni) g'�"
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1nÚ§Ü¿×§���¹eI�ò¤k���l×�����list¥¶ö

��êþ´O(n)"

ÏdÌ��ó�´3üS×�"b�S(m)3Ý(mlogm)"KXJ'�iþ!

�©Ù3×¥§�{31�Ú��ck(n/k)lg(n/k)=cnlg(n/k)g'�§ùpc´�

��6u3×¥¦^üS�{�~ê"O\×�êþkò~�'��êþ"XJ

·�Àk=n/10§K��nlg10g'�§×üS��mò3n��5�S§b�'

�i´þ!�©u�1�Ú�$1�mØ�6uk�{"£As a caveat, the fewer

elements pre bucket, the less likely it is that the distribution will be even"¤�

´3����¹e§¤k���ÑC?��×p¡§1�Ú¥�é��listüS§


1�ÚÚ1nÚÑC¤
L¤"Ïd3���¹e§×üS¬C�4Ý$�"

XJ'�i�©Ù´�±ýk���§K�±N�z�×��'�i���§¦

�¤k�×Ñ�ÉCq��êþ���"

×üSI���m�6u×´XÛ�;�"XJz��×Ñ´ëY�m

�8Ü£~Xê|¤§Kz��×Ñ7L©�v
��m±�;��×��õ

�U���êþ§�Ò´¤k���n"ÏdüSn����UI�kn��m"

�X×êþ�O\§�{��ÝO\�´¦^��m���O\"óL�U¬

Ð:¶=I�Θ(k + n)��m£n���Ó^n��m§k�LÞÓ^k��m¤"

ò'�i©u�×¥�UI��Elist�!:"�´z�×¥���XÛüS

Qº¯�üSÚ8¿üS§kc?Ø�ü«�¯�üS�{§Ñ�±3óLþ

{ü�¢y£ëwöS4.22ÚëY4.28¤"XJ×�êþé�§×S����ê

þé�§�±¦^ú�:��{"�\üS���±{ü�?U��Ò^uó

L£ëwöS4.11¤"XJz�×Ñ´��n/k���§8¿üSéz�×²þ�

��(n/k)(lg(n) − lg(k))g'�§o��n(lg(n) − lg(k))g'�"2grN§�

XkO\§�Ý�O\§�´�m�O\"

\�UÛ%��o·�Ø¦^×üS�{48�Mï���×"ùpkA

��Ï"ÛPó�êþÒ¬�Ñ��¶��×Þ���±9��Ü¿��I�

&EØ�ØØä�?ÒÑÒ"duz��48N^Ñ�ÛP&E§�{ØU�

6u��ò¯K©)¤��×C����§¤±ò^�Ù¦�üS�{5üS

��×"ÏdXJ�m©Ò¦^
Ü·õ�×§348×üSÒ¬����§�

��õ"�´¦+48©u'�i�×´$��§�k�|^ù«g��´é

k^�"

4.11.2 ÄêüS

b�'�i´5 êi"��48��{§Ò�fïÆ�§�±Äk�â�

�>�´K����Ä êiò'�i©u�10�×¥§��348�UY�

â1� �êiò¦�©u��õ�×¥�"��×��kS��2Ü¿§l


k��é��ÛPþ"-<¯¯�´§XJ'�iÄkU¦���K� £½

ö �§i1§�¤©u�×¥§K×32g©u�cÒ�±Ü¿
"×üS�
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Figure 4.19: ÄêüS
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�·K�±����8By²"

ù«üS�{^uk¡üSÅ"�«�P�Åì§ù«Åì�©uÚ½¶z
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�{¥§·�b�©u´Äu ��" �kl'�i�$ J�"XJ�U 
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XJ'�i©Ù�È�£~X§3��n�õ�ª��S¤§ù«üÑk��~ê
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L remL
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Figure 4.20: Radix Sort�{3©u13�êi��êâ(�
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ã2.3¤.

©Û�5¿¯�
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L i s t r ad ixSo r t ( L i s t L , i n t radix , i n t numFields ){

L i s t [ ] buckets= newList [ rad ix ] ;

i n t f i e l d ; // '�i¥��êþ

L i s t newL ;

newL= L ;

f o r ( f i e l d =0; f i e l d <numFields ; f i e l d++){

ò×ê|Ð©z��¶

d i s t r i b u t e (newL , buckets , radix , f i e l d ) ;

newL=combine ( buckets , rad ix ) ;

}

return newL ;

}

void d i s t r i b u t e ( L i s t L , l i s t [ ] buckets , i n t radix , i n t f i e l d ){

L i s t remL ;

remL=L ;

whi l e ( remL!= nu l l ){

Element K=f i r s t ( remL ) ;

i n t b=maskShi ft ( f i e l d , radix , K. key ) ;

// maskShift(f, r, key)ÀJkey¥1f��£lmm©¤§

// ÄuÄêr"

// (Jb���´0, · · · , radix− 1, b´K¤3�×"

buckets [ b]=cons (K, buckets [ b ] ) ;

remL= r e s t ( remL ) :

}

return ;

}
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L i s t combine ( L i s t [ ] buckets , i n t rad ix ){

i n t b ; //×�êþ

L i s t L , remBucket ;

L= nu l l ;

f o r (b= radix −1; b>=0; b−−){
remBucket=buckets [ b ] ;

whi l e ( remBucket != nu l l ){

Key K= f i r s t ( remBucket ) ;

L=cons (K, L ) ;

remBucket= r e s t ( remBucket ) ;

}

}

return L ;

}

4ê´numFields§�´'�i©¤õ���"XJ§�±��3~ê�S§Ä

êüSo��1Úê3n��5�m�S"

·��ÄêüS�¢y¦^
Θ(n)��	�m^uó�§Jø�Äê´

±n�'�"Ù§�Ø¦^ó�¢y�ò¦^Θ(n)��	�m"
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Chapter 5

Selection and Adversary

Arguments

5.1 Vã

3ùÙ¥·�ÆSA��±�8a���Ï^¶iselection�¯K"é�

��8Ü�¥m��´��o¤±��~f"Ø
é�k�)û¯K��{§·

��òé�ùa¯K�.�"·�¬0��«�¡�adversary arguments�2

�A^�Eâ5ïá.�"

5.1.1 Selection¯K

b�E´�¹n����ê|§ê|���'�iáu,��.8Ü§-k´

����ê1 ≤ k ≤ n"selection¯K´é�E¥1k����"ù������

krank k"�·�ÆL�üS�{��§·�òb½���ö�´'�ü�'

�i£±9��½´£Ä��¤"3ù�Ù¥'�iÚ��´���§Ï�·�

5¿�´'�i'��gê§
�·���Ø'%��£Ä"�k§�'�i

3��ê|¥���§·�ò¦^ �1, · · · , n
Ø´0, · · · , n − 1±ÎÜ��

�rankâ�§ �0�´{ü��3@pØ^"

31�Ù¥·�)û
��k = n�selection¯K§@�¯K´{ü�é�

�����"·��Ä
���{ü��{�
n-1g'�i'�§��·�y

²
vk�{�±$uù��"éu�é�����§=k=1)û�{´��

�"

,��~��selection¯K´k = ⌈n/2⌉ §Ò´é�¥m���§½ö
�median��"medianéuV)����8Ü�êâ´ék^�§'X��I

[¥¤k<�Â\½´,����Â\§�f�d�½´�Æ\Æ�Á¥�©
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ê"~X#ª��Ø´^�¹¤kêâ�8Ü§
´w�·���²þ�"�±

3Θ(b)S{ü�O�n����²þ�íº·�XÛâUk��O�²þ�º

�,§¤k�selection¯KÑ�±ÏLéEüS5)û¶��ÃØ·�

��rank k§E[k]Ò´)"üSI�Θ(n log n)g'�§·��±��éuk


�k§selection¯K�±3�.�mS)û"�úþùq�é�median´selection¯

K¥�J)û�"·��±3�.�mSé�medianíº½´·�Uïá��

é�median�.�í§�U´Θ(n logn) º·�ò3�Ù£�ù�¯K§·��

ò£ã��selection¯K�µe�{"

5.1.2 .�

8c��·�®²ò�½ä��ïá$��Ì�Ãã"�{�½ä�SÜ

!:L«
�{��1�'��gê§
�fL«
ÑÑ"£1.6!��é�{

¥§SÜ!:Ó�L«ÑÑ"¤���¹e'��gê´ä�pÝ¶éuL��

f§pÝ��´⌈lg L⌉"
31.6!¥·�¦^�½ä�����¹e�é¯K�$�´⌈lg(n + 1)⌉"

ù´�©�é�°('�gê§¤±�½ä�Ñ
�Ð�U�$�"314Ù·

�¦^�½ä5��üS�$�´⌈lg n!⌉ ½´oÑ)⌈n lg n− 1.5n⌉"k
�{
�~�Cù�.�§2�g�§�½ä�Ñ
�~�&�(J"�´§�½äé

uselection¯KÒØ´éÐ^
"

��selection¯K��½ä��kn��fÏ�8Ü¥n�'�i¥�z�

�Ñ�U´ÑÑ§=1k���"Ïd·��Ñä�pÝ£���¹e�'�g

ê¤��´⌈lg n⌉"�´ùØ´��Ð�$�¶·�®²��3�{ü��¹e
�é�����I���n-1g'�"�½ä3@p�
Qº3�é����

��½ä¥§k
ÑÑÑy��3õ��fþ§¯¢þòkõun��f"ë

�öS5.1§ò�¦\xÑFindMax£�{1.3¤3n = 4���½ä"Ï�·�

Ø���«{ü��{����(J�.�¹õ�­E��f§¤±�½ä

ØU�ÑÐ�$�"�O�½ä§·�^�«�adversary argument�Eâ5

�selection¯Kïá�Ð�$�"ù«Eâ3e¡£ã"

5.1.3 Adversary Arguments

b�·�Ú*l
��ß�iZ"\ÀÑ���m£�°ÚFÏ¤§*l

òÏL¯´/Ø´5ßù��m"\7L½¦\�*l¯¦�Uõ�¯K"X

J1��¯K´§/´3ÁUíº0
\´��Ð�éÃ§¤±\£�/Ø´0§

Ï�3�G!'��G!�õ"éu¯K§/�°�1��i13i1L�c�

íº0\£�/´0"�´ù´Ð¢íº\��vkÀÑ��ý¢�Ff�¯¢þ§

\Ø¬ÀÑ��(½��ÚFÏ§���
Ø4\��Yc�gñ �"ùØ

´��
ß�iZ�Ð�{§�´§3é���{�.��´��(��{"
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b�·�k���{§·�@�§´k��"��k��éÃ�y²§Ø

´k��"3z���{��½�:£~X�g'�i'�¤§éÃw�·��

½�(J"éÃÀJ§�£�¦��{�Jé�(J§Ò´`���õ��½"

\�±@�éÃÅì�E���{�/�0�Ñ\"éÃ�£������´7

Lc���¶Ò´7LkÑ\�±¦éÃ�£�´�(�"XJéÃ�±½¦

�{�1f(n) Ú§Kf(n) Ò´���¹e�{�1Úê�.�"3öS5.2¥é

üSÚ8¿�'�i'�?1
©Û"

¯¢þ§/�Oé|éÃ03)ûÄu'��¯K�Ï~´��k��E

â"

5.1.4 <Im

3�Ù�e�Ü©·�)ûselection¯K��{§¿^adversary argu-

ments5?Ø�«�¹�$�§�)median"3�õê�{Úarguments ¥§·

�¦^'m½´<Im§5£ã'��(J"'�é����¡��ö§��¡

�}ö"

5.2 �émaxÚmin

ù�!¥§·�©O^maxÚmin5�Ln���¥���'�iÚ��'

�i"

·�æ^�{1.35é�max§l8Ü¥�?max"2g¦^����{1.33

�e�n-1���¥é�min§ù�Òé�
maxÚmin"ÏdmaxÚmin�±

3(n-1)+(n-2)g'��¤"ùØ´�`�"¦+·���£11Ù¤Õá��

émaxÚminÑ��I�n-1g'�§�´ü��åé��ÿk
ó��±/�

�0"öS1.25�¦�Ñ
���émaxÚmin��I��3n/2g'�i'��

�{"��)û�{£n´óê¤́ ò'�iüü'�§�n/2g'�§,�3�

ö¥�émax§3}ö¥�émin"XJn´Ûê§���'�i=�U´�ö�

�U´}ö"ü«�¹e§o�'�gêÑ´⌈3n/2⌉− 2"�!¥§·�ò�Ñ

��éÃüÑ5Ð«ù�)û´�`�"AO�§3�e�Ü©¥§·�y²µ

½n 5.1 3n�'�i¥ÏL'�émaxÚmin�?¿�{3���¹eÑ7L

���3n/2− 2g'�i'�"

y² �
ïá.�§·�b½'�i´ØÓ�"�
����'�ix´max§

��'�iy´min§���{7L��Ù¦�¤k'�iÑ��½m��}

ux§Ù¦'�iÑ��½m��Ly"XJ·�O�Ú}���ü �&E§K

�{7L��£��¤2n− 2�ü �&E5�y�Ñ�´�(£�"·��Ñ

��éÃüÑ5£�'�(J§éÃéuz�'��Ñ�(JÑ´¦�U�¦

���&E��"��éÃ�E��A½�Ñ\8Ü5£��{�'�"
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�{'��xÚy�G� éÃ�£� #�G� #&E�ü 

N, N x>y W, L 2

W, N½L, N x>y W, L½WL, L 1

L, N x<y L, W 1

W, W x>y W, WL 1

L, L x>y WL, L 1

W, L½WL, L½W, WL x>y vkUC 0

WL, WL �D��� vkUC 0

Table 5.1: éuminÚmax¯K�éÃüÑ

·�é�{?1¥?Û�¹e'�i�G�IPXeµ

'�iG� ¹Â

W ���L�g
l�}L

L ��}L�g
l��L

WL ���L�g}L�g

N �v^'�L

z��W½L´��ü��&E"G�NØ��&E"éÃüÑ3L5.1 ¥

£ã"Ì��:´§Ø
ü�'�iÑvk'�L��¹§éÃ�Ñ�£���

�õJø��ü �#&E"·�I��yXJéÃÎÜe¡�5K§§�£�

�¤,
Ñ\"��·�I�Ð«ù«üÑ½¦�{?¿�{Ñ7L�nØ\

¡�'�gê"

*	L5.1¥Ø
���1��¹§éÃ¬4�vk}L�'�iUY�§

4vk�L�'�iUY}"�Ä1�«�U5¶b��{'�xÚy§éÃÀ

Jx���ö§x�vk}L"=¦D�x��'D�y����§��Ø�kc�

Ñ�£�gñéÃÒ�±UCx��§¦�'y�"Ù¦��¹§'Xlvk�L

�'�i�UY}§?n�ªaq–XJI�Ò~�'�i��"¤±éÃ�±

^L5.1¥�5K�E���Ñ\5£��{�'�"ùÐ«3e¡�~f¥"

~ 5.1 ¦^éÃ5K�EÑ\

L5.2�1��Ð«���U�k
�{�Ñ�'�S�"�e��Ð«


éÃD�'�i�G�Ú�"£�vkD��'�i±(ÒI£"¤1�1��

�z�1=�¹�c'��^8"5¿�x3Úx1'��£15g'�¤§éÃO\


x3��§Ï�x3��"��éÃUC
x4Úx6��±Ú¦�5K��"5g'

���§Ø
x3�z��'�iÑ���}
�g§¤±x3´max"���g

'���§x4´��vk�L�'�i§¤±§´min"3ù�~fp§�{�


8g'�¶6�'�i���¹e��$�£c¡y²
¤Ò´3/2× 6− 2 = 7"

�
�¤½n5.1�y²§·��I�y²éÃ5K½¦?Û�{Ñ���

�3n/2 − 2g'�âU��2n − 2ü �&E"����g'�U��ü�ü
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'�
x1 x2 x3 x4 x5 x6

G� � G� � G� � G� � G� � G� �

x1,x2 W 20 L 10 N * M * N * N *

x1,x5 W 20 L 8

x3,x4 W 15 L 8

x3,x6 W 15 L 12

x3,x1 WL 20 W 25

x2,x4 WL 20 L 8

x5,x6 WL 5 L 3

x6,x4 L 2 WL 3

Table 5.2: éÃüÑémaxÚmin�~f

 &E��¹´ü�'����±cÑvkë\L'�"b�n´óê"�{�

±��õn/2gU��2�ü &E'�§¤±�{�±ÏLù«/ª�'��

�n�ü �&E"éuz��Ù¦'�§�{�õ����ü �&E"�{

�I�n− 2ü �&E§¤±§7L���n− 2g'�"Ïd�
��2n-2 �

ü �&E§�{7L���n/2 + n − 2 = 3n/2− 2g'�"Öö�±{ü�

u�n ´Ûê��¹§́ ��3n/2− 3/2g'�"�¤
½n5.1�y²"

5.3 �é1���'�i

·�é�¿�Ø�����§,�3�e�8Ü¥é����§ù�Òé�


g����"�k�k�{��{íº·��±y²���{´�`�íº�

�!£�ù
¯K"

5.3.1 Vã

���!¥§·�©O^maxÚsecondLargestL«��Úg����"�


{z¯KÚ�{§·�b½'�iÑ´ØÓ�"

g�����±^FindMax£�{1.3¤�2n-3g'�5é�§�´ùq�

Ø´�`�"·�7LÏ"3�émax�L§¥uy��
&E^uü$�

ésecondLargest�'�gê"AO�§?Û'�iXJØ
�}umax����

}uO�'�i§K§�½Ø´secondLargest"31�4�é�L§¥�±�

�Ñ�'�i3�émax¥�L§¥Ñ�±�uy"£XÛ��¦�� �ò�

�?Ø"¤

3��5����8Üþ�¦^�{1.3§(J�UXeµ
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x1 x2 x3 x4 x5 x6 x7 x8

x2 x4 x6 x7

x4 x6

x6

Figure 5.1: <Im�~f¶max=x6¶g����U´x4,x5,x7

'� �ö

x1,x2 x1

x1,x3 x1

x1,x4 x4

x4,x5 x4

Kmax=x4§g�����U´x5½´x1Ï�x2Úx3Ñ�}ux1"Ïdù�

~f¥�I���g'�Ò�±é�secondLargest"

�´�U3·�1�4�émax�·�vk��?Ûk^��ésecondLargest�

&E"XJmax´x1§KÙ¦z����Ñ��max'�
�g"ù´Ø´¿

�Xé�secondLargest���¹e7L�2n-3gíºØ"c¡`�Ñ´¦^�

{1.3 ��¹"vk�{�±^�un-1g�{é�max�§�´Ù¦�{�±J

ø�õ�&E^531�4¥~�'��gê"e¡£ã�<Im�{Jø


�õ�&E"

5.3.2 <Im�{

<Im�{�¤±�ù�¶i´Ï�§±<Im��{�1'�"'�i

©é§/©Ó0'�§�ö?\e�Ó"£XJk�Ó�'�iêþ´Ûê§¦�

¥k��{ü��X?\e�Ó"¤<Im�±£ã¤ã5.1¥w«���ä"z

���f�¹��'�i§
z���I�Ñ´ù���Ñ��ö"��¹�
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�Ó¥Ñkmax3§K�õk⌈lg n⌉���=�}umax"¦�´secondLargest¤

k�U�ÿÀ"�{1.3�±^�3⌈lgn⌉���¥�é���§I��⌈lgn⌉ −
1g'�"Ïd���¹e<Im�émaxÚsecondLargest�I�n+⌈lgn⌉−2g

'�"ù'2n-3´��?Ú"·��±�Ðíº
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5.3.3 An Adversary Lowe-Bound Argument

·��Ä�ü��{Ñ´Äké������"ùØ´L¤"?Û�

ésecondLargest ��{7L�é�max§Ï��
��ù�'�i´g��§

Äk7L��§Ø´���¶Ò´`§7Lk�g'��}"3secondLargest7

L�}�@g'�¥�Ñ�@�Ò´max"

5.3.4 �émaxÚsecondLargest<Im�{�¢y

�
é�max?1�<Im·�I��«�{��z�Ó��ö"3ÏL

<Imé�max ��§�kù
'�ië��ésecondLargest"3·��Ø�

�@��´max��ÿ·�XÛ��@
�}umax�'�iQºQ,<Im�

VgÒ´����ä§g,���
4.8.1�!�æ(�"éun����8Ü§

I���k2n-1�!:�æ(�¶Ò´E[1], · · · , E[2 ∗ n− 1]"�m©§ò���

3 �n, · · · , 2n− 1"�X<Im�L§§òÅÚ^�öW�1, · · · , n− 1£�X

W¤"öS5.4w«
�	�[!"ù��{¦^�.��	�m§$1�m�´

�.�"

5.4 Selection¯K

b�·��é���ê|E¥n����¥m���£·����krank⌈n/2⌉¤"
3c¡��!¥§·�é�
k���{é�rank�C�à½´,�à£'X

��§��§Ó�����§g��¤��{"öS&¢
éõC«§�´¤k

�)ûù
¯K�Eâ3·�Ø´éG�à��¹�Ñò���Ç§éu�

émedianÑvk^"XJ·�é���)û�Y�±k��{üüS��8Ü§

KI�#�g�"

5.4.1 ��©
£��C

b�·�Uò'�i©¤ü�8Ü§S1ÚS2§ù�¤k3S1 ¥�'�iÑ

�uS2 ¥�'�i"K

5.5 �émedian�$�

·�b�kn����8ÜE�n´Ûê"·�ò

5.6 Designing Against an Adversary

�O��éÃ�U´�«r��Eâ
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Chapter 6

Ä�8Ú�é

6.1 Vã

Ä�8Ü´3O�5§¥§�'X¬UC�8Ü"3k
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©���/÷vI�����0�ê|Ï~´�~-<Ø÷¿§�´ù´�ÊÏ
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�)û�{"��{ü��k(¹5��Y´§m©��ÿ�©�����ê

|§��mØ|�Ò\�ê|"�
�¤ù�ó�·�7LP¹�cê|^


õ�§±9�c©�
õ�"JavaÏLlength�gÄP¹
�c©�
õ�§�

´éc��ëê´§S
�I?§§�6uäN�A^"

b�·�|�
��asetArray§kü��setSizeÚelements§���

´elementa.�ê|§ùp·�b�a.´Object"�m©·�Xe
ù�a

�é�µ

setArray mySet= new setArray ( ) ;

mySet . s e t S i z e =0;

mySet . e lements=new Object [ 1 0 0 ] ;

3zg�mySet¥V\����ÿ§�´3�\#���c§Ñ�(��k�

 §evk
§rê|�����"ù�L§´©��¬ü��5���#ê

|§,�r¤k��£Ä�#ê|¥"�èXeµ

i f (mySet . s e t S i z e==mySet . element . l ength )

arrayDouble (mySet ) ;

Continue with i n s e r t i o n o f new element ;

3arrayDoublef~§Xe:

arrayDouble ( s e t )

{

newLength=2∗ s e t . e lements . l ength ;

newElements=new Object [ newLength ] ;

òset.elementsê|���£Ä�newElementsê|¥ ;

s e t . e lements=newElements ;

}

Ñ���Ü©´£Ä��"�´§·�y3òÐ«±ù«�;�ª�\n�

���oXÚm�´Θ(n)"

b��\1(n+1)���ò>uê|��ö�§-t´òêâlÎê|=£

�#ê|�s¤£b�t´~ê¤"3ùgê|��ö�¥�?1n����=£"

�´3c�gö�¥´n/2���=£§2�c´n/4§��"l8ÜMï±5¤

k��=£Ø¬�L2tn"

ù´�±²�½öÁmó�Ñy[Bö��{ü~f§¤±z�Ú�²þ

m�´��~ê�m$�"²��m©Û3e�!)º".

6.3 Amortized �m©Û

Ò�·�3c�!w��§e¡��¹�Uu)µéuÓ�«a.ö���

ó�þCzé�§�´��é�ö�S��o�m��uS���Ý¦±z�
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ö�����m"ù
�¹3Ä�8Ú¦��'�ö�¥ù«�¹²~Ñy"d

�§�«¡�²��m©Ûamortized time analysis�Eâ�±�ù«�¹Jø

�°(��m©Û"¶iamortized5gu£é°t�)º¤û�Pâ¢�¥©)

���áü§which was actually incurred in a single time period, over multiple

time periods that are related to the reason for incurring the cost. 3�{©Û

��ÿ§����ö��Ðm¤Nõö�§ùpÙ¦ö�vkùoÑ�"ù��

!�Ñamortized�m©Û����Vµe"Eâ3Vgþ{ü�§¦+�
é

ØÓ�¯K��k���YI��:M#"

b�·�k��ADT§·��^amortized5©Û§�ö�"·�¦^â

�individual operation(üNö�)5L«��ö�����1Ú½"²��m©

ÛÄue¡��ªµ

amortizedcost = actualcost + accountingcost (6.1)

§æ^
��O��L§¥z��üNö�"M#�Ü©´��z��üNö

��O��accounting costsXÚ§±��e¡ü�8I"

1. Ü{�ö�S�¥�z��£lMïADTé�m©©Ûå¤ö��accounting

costsd�Ú´�K"

2. ¦+actual cost�U3é���SÅÄ§©Ûz��amortized cost´�1

�£~X§§���k5Æ¤

XJùü�8IÑ��
§KS�o�amortized cost£lMïADTm©¤Ò´

o�actual cost§�o�amortized cost´²�å©Û�"

�*�5`§o�accounting costaq�;Oâr"�ÐUí��ÿ§·�

��G�;�
"��G5��ÿ§Ò´'�[B�´Ø~Ñy��ö�§we

make a withdrawal"�´§�
�±�GUå§ØU�À�±·�ár�²ï"

�O��accounting costsXÚ�Ì�g�´"�~"ö�7Lk���

�accounting cost§

~ 6.1 ^¤�O��ê|¢yÒaccounting �Y

�ÄÒADT§§kü�ö�§pushÚpop§§±ê|¢y"£ù�~f¥§·

�ò�Ñ�¯��d§Ï�¦�ØUCÒ§¤±�d´O(1)"37���ÿ¦

^36.2!¥£ã�ê|��5*�ê|"�vku)ê|��Cz�push½

öpop�¢S�ÑÑ´1"XJ?1
ê|��£ln�
2n¤��
n����#

�ê|§Kd�push�¢S�Ñ´1+ntÙ¥t´��~ê"£öS6.2 �Ä
�«

�Y§pushÚpopÑ�U��ê|UC��"¤

���¹epush�¢S�m´Θ(n)"w�ù����¹¢S�m§q�ù

�¢y´9Ù$��§Ï�ù
ö�Ñ�U3Θ(1)�mS�¤"�´amortized

�m©Û¬�Ñ���°(�(J"·��±^e¡�Pâ�Yµ
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1. ØI�ê|���push�accounting cost´2t"

2. I�òn*Ð�2n�push�accounting cost´-nt+2t.

3. pop�accounting cost´0

accounting costs¥�Xê2�±3ÒMï��ÿÀ�v
�§accounting costs�

Ú�±[Ø�K"��ª�^b�{z¯K§b�3Ò����N!2N!4N!8N,

��ÿ¬kê|��u)"�Ä���¹§�kpushu)""account balance"–

accounting costs�ÀÚ–¬O��2Nt§��1��K�Cz¬ò¦~��Nt+2t§

��31�gê|���c§q¬O��3Nt§�ê|����ÿqü�Nt+2t"

�§O��5Nt�§¬~��Nt+2t§O��9Nt�¬~��Nt+2t§��"Ïdù

���k��ÒADT�accounting�Y£¤"

�E,�êâ(�Ï~I��E,�Oê�Y§ÒI��M#��{��

Ñ5"3�Ù��¡��!¥£6.6.6Ú6.7.2�!¤·�ò��I�²��m©Û

5Ð«Ù�Ç�ADTs±9¢y

6.4 ùçä

ùçä´÷vA½(��¦���ä"ù
(��¦V«kn�!:�ùç

ä�pØ�L2 lg(n + 1)"Ò´`§§�p'kn�!:��²ï���äõ�

�2�~êÏf"ùçä�61�^?´����éä§�´ùØ´§���A

^"�!Ð«XÛ^ùçä5p���±²ï���éä£²ïÝf�J9¤"

Ù¦�±²ï���éä��Y3�Ù�¡�NoteÚReferences¥J�"·�À

Jùçä´Ï�ÙíØL§3¤kÀJ�Y¥´�{ü�"

30�
�
ÎÒ��·�òES���éä"��·�0�ùçä�¦

�(�A5§¿0�XÛ3�\ÚíØ��ÿk���o�"

ùçä´��RBtreea�é�§§�¢y�U�2.3.3�!�BinTree ADT�

~�aq¶�´5�Ú���~ØÓ"ù´Ï�ùçä'±BinTree ADT ¢

y�����äk�õ�8�§¿�kUC§(��ö�§
BinTree ADTv

k½Âù��ö�"ÓBinTree ADT��§±nullL«���ä"ùçä�ö�

krbtInsert!rbtDeleteÚrbtSearch"¦�©O3ä¥�\§íØ½�é�½�'

�i"�BinTree ADTØÓ§ùçävkJø���¯fä�ö�"�´3n)

Ùfä´���éä�´Ø�½´ùçä��§Ò�±V\�A�ö�"

RBtreea�~·Ü¢yi;ADT§½Ù¦I�²ï��ä�ADT"5¿§

ùçä´

Properly Drawnä

Properly Drawnä�g��±�Ï·�n)���éäÚùçä�NõV

g"�Ö^properly drawnäx¤k��ã"



6.4. ùçä 175

½Â 6.1 ��ä3��²¡S´properly drawn�§XJµ

1. z��!:´��:§z�^>´�^�ã½´�ãë�I1�¯f�l

�"£3xã¥��!:´���½´aq��ã§¦��/:0�±@�

´¥%§>@�l:Ñu"¤

2. ��!:�¯fÚm¯f©Ox3!:��>Úm>§Y² �"

3. éu?¿>uv§um©uI!:§vk

�ä��external!:

éu���éä§AO´éùçä5`§ò�ä���«AÏa.�!:´

�B�§�ä�!:¡�external node"

½Â 6.2 !:+Ú¦��Ì�fä

��!:+´

6.4.1 ���éä

3���éä¥§!:�'�i÷ve¡��å"

½Â 6.3 ���éäproperty

��ä

6.4.2 ��ä�^=

6.4.3 ùçä�½Â

ùçä´RBtreea�é�"

½Â 6.4 ùçä

-T´��ä

6.4.4 ùçä���Ú�Ý

Ún 6.1 -T´��RBkä"Ò´`§-T´��kblack height h�ùçä"Kµ

1. T��k2k − 1�internalç!:"

2. T��k4k − 1�internal!:"

3. ?�ç(:��Ý�ü�u§�black depth"

-A´ARBkä"Ò´`§-A´��kblack height h�Cqùçä"Kµ

1. A��k2k − 2�internalç!:"
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2. A��k 1
24k − 1�internal!:"

3. ?�ç(:��Ý�ü�u§�black depth"

6.4.5 ùçä¥�\

ùçä½Â
ÄuôÚÚblack height��å"n���\´3ùçä¥�

\��ù!:§ù�Ò�y
black height��åE,´÷v�"�´#�ù!

:�U¬E¤ù!:¤
ù!:�¯f"·��±ÏLÜ¿ôÚÚ(�5?E

ù��5��±black-height��å"

�\'�iK�1�Ú´3BST¥�éKAT3� �§�,Ï�KØ

3BST¥¤±¬é���external!:£�ä§ë��{6.1¤"e�Ú´ò�ä

O�¤=�¹��!:K�ä"���Ú§48N^�Ñ�§́ ?EôÚ��5"

?Û�ÿÑØ¬��black-height�5�"

~ 6.2 ùçä�\�1�Ú

3�Ñ����{�c§4·��Äww3ã6.5�ùçä¥�\'�

i70¬�)�o�¹"3��ä¥§70��'�§�§¤±eü�mfä",

�70�60'�§�Xeü�mfä§ùp70�80'�"y3=�
�fä§��

�
external!:"

6.5 MF

MF´�«~^5¢yi;ADT�Eâ§¦+i;��±^Ù¦Eâ¢y"

���e3��A^¥§·�U�z���U'�iÑD������ê|¢

Ú"ù�§½ !�\!íØ��Ñ´�~{üÚ¯��"

�,���¹e§'�i�m£¤k�U'�i�8Ü¤ÑLu
�"��

;.�~fiÎG�'�i�m§'X<¶"b�¶i�õk20�i1½��"

'�i�m�L2100���"Ò´`XJ·�¦^ê|§òI�2100�ü�5�

z��iÎGD���¢Ú§ù��´Ø�¢y�"=¦'�i�m´ã��§

3��A½�A^§S¥=¬-���Ü©"¢S���8Ü�U3Az�S§

½ö�uz�"��k4z�����v
�z������ØÓ�¢Ú§ù�

5��ê|��´�1�"

MF�8�Ò´�
òã��'�i�mN����Ün����ê��

S"'�i=�����¡��'�i�MFè§O�=�L§�¡�MF¼

ê"·��±�â���MFè^ê|�;z����"

/MF0ù�¶i�5´�â@Ï�?n'�i��{5�§=/chopping

up0'�i§À�'�i�A½A 5�MFè"

MF¼ê�ó�´±,«�ªò'�iD����ê§ù«�ª�U¬�

}�ò��/;.0�n����8Ü¥ü���N��Ó���ê"�ù«�
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¹u)�§ù�¯�¡���-E"�
~�-EÑy�Å¬§XJ·�kn�

��§;.��¹·�¦^2n��MFè���"

�ÊÏ�§�´Ø´����ª§¦^MF5�o�ÜMFL"MFL´�

�¢Ú0, · · · , h− 1�ê|H¶Ò´`Lkh�^8"H�^8¡�MFü�"MF

¼êòz��'�iN��0, · · · , h− 1�m��ê"

~ 6.3 MF

éu��{ü�~f§b�'�i�m´4 �ê§y3I�r¦�=�

�0, · · · , 7 �m��ê"·�ÀJMF¼êµ

hashCode(x) = (5xmod8)

b�·�¢S�8Üd6�­��{¤FÏ|¤µ1055!1492!1776!1812!1918Ú1945"

¦�N��0, · · · , 7Xeµ
hashcode 0 1 2 3 4 5 6 7

key 1775 1055 1492
1812 1945 1918

XJ·�k��d8�^8|¤�MFL§���±�â¦��MFè�

;§¦�ò©Ñ3��L¥"�´§k
��kÓ��MFè§¤±7L�ù«

¯��ý���"3ù�~f¥§'�i1492Ú1812-E
"¿�X¦�N��

�
Ó��MFè"

ü�ÆK�MFL�O/�µMF¼êNo�O§-EXÛ?nºü�ÆK

���Õá"é��Ü·�MF¼ê�6uäN�A^"·�ò?Ø-E¯K"

6.5.1 µ4/�MF

6.5.2 m�/�MF

6.5.3 MF¼ê

6.6 Ä��d'XÚéÜ�é§S

Ä��d'XÑy38ÜÚã��«¯Kp¡"éÜ�éÄ�êâa.�

?nÄ��d'XJø
�«�{"¦+§k�~p�£�é{ü�¤�¢y§�

©Û´éæ��"

ÙA^�)��)¤ä§38.4!?Ø§±9�Ù��J���
¯K"

6.6.1 Ä��d'X

8ÜSþ����d'XR´��Sþ���'X§�´g�§é¡ÚD

4�£1.3.1�!¤"Ò´`§éu¤k�S¥�s§tÚu§ÑÎÜe¡�á5µX

JsRt�tRs§KsRs¶XJsRt�tRuKsRu"S¥����s��da´S���
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f8§Ù¥�¹¤k�d�s���"�da´S���y©§Ò´`¦�´Ø�

��§¦��éÜ´S"ÎÒ≡ ò^5L«�d'X"
��!�¯K´L«!?U3O�L§¥UC��d'X±9£��'�

¯K"�d'Xm©´��'X§Ò´`§8Ü¥�z����Ñ�gC��"

¯K´?n���-�S�§�-kü«a.§ùpsiÚsjÑ´S���µ

1. si ≡ sj?

2. MAKE si ≡ sj£ùpsi ≡ sj´false�¤"

¯K1�£�´"´"½"Ø´""�(�£��6u®²Â��a.2��-¶£�

´/´0��=��-/MAKE0®²Â�½´can be derived by applying the

reflexive, symmetric,and transitive properties to pairs that were explicitly made

equivalent by the second type of instruction. The response to the latter, that is,

the MAKE�-, is to modify the data structure that represents the equivalence

relation so that later instructions of the first type will be answered correctly.

�Äe¡�~fùpS=1, 2, 3, 4, 5"�-�S�3��"m�w«
£

�–yes½no§½ö´ùp½Â�'X��da"m©���daµ1, 2, 3, 4, 5 1.

IS ? No 2. IS ? No 3. MAKE 1, 2, 3,5, 4 4. MAKE 1, 2, 3, 5, 4 5. IS ? Yes 6.

MAKE 1,4, 2, 3, 5 7. IS ? No

6.6.2 �
fw�¢y

�
'�ØÓ¢yüÑ§·�òO�z��üÑéuØÓa.�ö��

gê§b�·��?n���¹n����8ÜS§Ù¥MAKE½IS�-�oê

km�"·�lu�ü«{ü�êâ(�m©µÝ
Úê|"

��Ý
L«���d'XI�n2�ü�£½ö®²´é¡��¹e§

I�n2/2¤"éu��IS�-�I�u���^8¶�´��MAKE�-�U

I�����1"��m^MAKE�-�S�£�Ä���¹km^MAKE�

-1^IS�-¤�UI���mnÚö�"

ÏL¦^ê|�m�¦^êþ�±~��n"eqClass§ùpeqClass[i]´��

�¹�dasi�I\½´¶i"�-si ≡ sj?I��éÚ'�eqClass[i]ÚeqClass[j]"

éuMAKE si ≡ sj §z��^8Ñ7L�eqClass[i]'�§XJ��D�

�eqClass[j]"d�§���¹m^MAKE�-�m£�,���¹¤��I

�mnÚö�"

ü«�{Ñk$�Ç���¡–1�����L§1����éL§£é

ueqClass[i]¤p¡���"�Ð�)û�Y´¦^ë�5;��	�ö�"
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6.6.3 éÜ¨�é§S

MAKE�-��J´òS�ü�f8Ü¿¤��"XJ·�k�{é���

��´Ä3��8Ü¥§·�ÒU{ü�£�IS�-"éÜ�éADT£2.5.2�

!¤Jø
ù
ö�"�m©§éz��S���$1makeSet§��n�üÕ�

8Ü"�éÚéÜö�ò^u¢ye¡��d�-µ

IS si ≡ sj MAKE si ≡ sj

t = find(si); t = find(si)

u = find(sj); u = find(sj)

(t == u)? union(t, u)

·�@�create(n)´

create(0), makeSet(1), makeSet(2), · · · , makeSet(n)

�{�"ùb½S = 1, · · · , n"ù�(J´��8Ü�à8§z���¹��ü
Õ���i, i ≤ i ≤ n "XJ3§S$1ÏmI������O\��§Ø´

�m©Ò�¹¤k�§·�b½makeSet$13���ê�S�þ§́ vkm�

�µmakeSet(1), makeSet(2), ..., makeSet(k)"XJ���ê8Ø´g,ê§i

;ADT£2.5.3�!¤�±^5?1�È"

Ïd·�ò5¿å=�makeSet§unionÚfindö�§±9�±{ü¢y¦�

A½�êâ(�"·�òÏLin-tree5L«z���da½f8"£�In-Tree

ADT£2.3.5�!¤Jø
e¡�ö�µ

makeNode �E���k��!:�ä

setParent UC!:�I!:

setNodeData �!:���ê�

isRoot XJ!:vkI!:�£true

parent �£!:�I!:

nodeData �£!:�êâ

z���ò�����ä�I\½I£Î"�-r=find(v)é��¹v��§

,�ò§D��r"union�ëê7L´�¶union(t,u)ò�tÚu(t 6= u)�äÜ¿

��å"

In-Tree ADT¦�§¢yunionÚfindé{ü"�
Ü¿�tÚu��òu��

��in-tree§Ò�union�¦�{ü��1in-treeö�setParent(t,u)"�
é�

!:��§¦^­E�¦^parentö�§��é���yk§�isRootö��

£true"¢ycreateÚmakeSet�´{ü�§¦^in-treeö�makeNodeÒ�±"

XJin-tree�!:´1, · · · , n§ùpn = |S|§·��±3��n + 1���

�ê|¥¢yin-tree"Q,ù´¢�¥�Ï~�¹§
��
�Ð�'5�

��¯K§��!�e�Ü©·�òæ^ù�b�"·��±/äNz0£un-

abstract¤in-tree§̂ {ü��¯ê|��parent[i]5�ON^parent(i)ÚsetParent(i)"

·�ò��!:�parent����-1L«Ù´in-tree��§¤±isRootØ^�	
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�ê|",��ê|��nodeData§�´ù�¶iéuù�A^Lu°�
§¤

±·�ò�Ñ���äN�¶i�£weight¤§ýOweighted union�{ò3�¡

£ã"XJØ��¬kõ����§�±¦^ê|��£6.2!¤Eâ"

¦^ê|�B?è¶�´§�
n)�{�Ü6§�Ð�´Eâ.��in-

tree(�§òê|����¯n)¤in-tree�ö�"¦^ê|¢yin-treeò3Ð

õ�{¥¦^§¤±§´��P4�"

��create(n)ö�£@�§´n�makeSet¤;�Xm�?¿^S�union½findö

�´Ñ\§½ö���Ým�éÜ�é§S£Union-Find Program¤"Ò´`�m

©�makeSetØO�3Ñ\��Ýp¡"�
{z?Ø§·�b�3create��

vkmakeSet"XJmakeSet3�¡Ñy§�ò�Ñ�Ó�©Û(Ø£öS6.31¤"

·�^�¯parent�gê5ïþó��õ�¶z�g�¯Ø+´�é�´

D�§·�b�¦���mÑ´O(1)"£ù¦�o�ö�gêÚparent��¯g

ê´¤'~�ù�:C��Ù"¤z��makeSetÚunion��gparentD�§z

��find(i)�d+1gparent�é§ùpd´!:i3äo��Ý"parentD�Ú�é

ëå5��linkö�"

ã6.19�§SMï
ã6.20(a)w«�ä§�
n+n-1+(m-n+1)nglinkö

�"¦^ù��{��~§3���¹eUnion-Find§S´í(mn)"£·��

�m>0¶ÄK·���Ω(mn + n)"¤ØJy²vk§SU�Lmn+nglinkö

�¤±���¹´Θ(mn)"ù�c¡£ã��{'vk`³"·�òU

?unionÚfindö��¢y"

6.6.4 Weighted Union

ã6.19¥§S��Ñ�¤±p´Ï�dunion�-�E�ä§ã6.20(a)Ð«

�§k�p�pÝ"ÏL�|©�union�¢y�±�±äéL§l
~��Ñ"

-wUnion£"weighted union"¤́ üÑµò!:êþ��ä��!:êþõ�ä

�fä£Ó�§XJü�ä�!:�Ó§-1��ä´1��ä�fä¤"£ö

S6.22u�
¦^pÝ5�O!:êþ�weight��U5"¤�
«Ounionö�

�ü�¢y§·��1��unwUnion"éuwUnion§z��ä�!:êþ�;

3weightê|p¡£éAADT¥�nodeData¤"¢Sþ§=�I��"wUnion7

L'�!:�êþ§O�#ä���§�parentÚweightD�"wUnion��ÑE

,´����~ê§�)��linkö�"y3XJ·��£�ã6.19£��P¤5w

¦^wUnionI�õ�ó�þ§·�¬uyPØ3´���(�§S§Ï�union

�ëêl3�n-1ÑØ´�
"·��±*ÐP�P‘5§I�ò1Xunion(i,j)�§

SO�¤e¡3��-µt=find(i); u=find(j); union(t,u);"K¦^wUnion§P‘=

I�2m+2n-1glinkö��ã6.20Ð«
¦^unwUnionÚwUnion�PÚP‘�E

�ä"·�ØU�Ñ(ØwUnion3?Û�¹eÑ´�.�m¶P‘Ø´wUnion�

���¹"e¡�Ún�Ï·������¹�þ."
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Ún 6.2 XJunion(t,u)ÏLwUnion¢y–Ò´`§��u�ä��fäN\�

��t�äþ§��=���u�ä!:êþ��§ÄKÒ´��t�ä��fä

N\���u�äþ–K§3?¿S��union�-��§?Ûkk�!:�p�õ

´⌊lg k⌋
y²^k�8B5y²�"k = 1��¹¶��!:�ä´pÝ0§Ò´⌊lg 1⌋"

y3b�k > 1§¿�?Ûdunion �-�E�¹m�!:�ä§éum < kk

�õ⌊lg m⌋�p"�Äã6.21¥�äT§kk�!:pÝ´h§§däT1ÚT2Ï

Lunion�-�¤"Xã¥�b�§T2��uN\�T1��t"-k1Úh1©O´T1�

!:êþÚpÝ§Ó��k2Úh2©O´T2�!:êþÚpÝ"ÏL8Bb

�§h1 ≤ ⌊lg k1⌋§�h2 ≤ ⌊lg k2⌋"#ä�pÝh = max(h1, h2 + 1)"w,§h1 ≤
⌊lg k1⌋"Ï�k2 ≤ k/2, h2 ≤ ⌊lg k⌋ − 1, �h2 + 1 ≤ ⌊lg k⌋"¤±ü«�¹eÑ
kh ≤ ⌊lg k⌋"

½n 6.3 ���^3n���þ�§5�m�Union-Find§S§XJ¦^wUnionÚ

���é§���¹e��1Θ(n + m log n)glinkö�"

y²éun���§Mï���õkn�!:�ä§�õkn-1gwUnion�-

�±^"duÚn§z��ä��kpÝ⌊lgn⌋§¤±z���é�õ´⌊lgn⌋+

1"z��wUnion��glinkö�§¤±m�wUnion½findö�s¤�þ.Ò

´m�findö��s¤"Ïdlinkö��o�êþ�um(⌊lgn⌋ + 1)§3O(n +

m log n)"

öS6.23�§SI�í(n+mlogn)Ú5�E"wUnion£�createÚmakeSet�

�¤��{�~N´�¶·�33öS¥"

6.6.5 ´»Ø 

ÏL¡�´»Ø �L§��±U?findö��¢y§l
�?�Ú�

JpUnion-Find§S��1�Ý"�Ñëêv§cFind£"Ø £compressing¤�

é"¤parent

wUnionÚcFind�oN5

6.6.6 *wUnionÚcFind�©Û

6.6.7 A^

6.7 `k?è�with a Decrease Key Operation

£�`k�è�ADT£2.5.1�!¤�Ì�access¼ê´getBest§ùpbest�

U´��½ö��"�������z`k�è�ADT�ö�kµ�E
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ìµcreate Access¼êµisEmpty, getMin, getPriority ManipulationL§µinsert,

deleteMin, decreaseKey

ù
¶i·Ü��z`k�è�"��±O\��deleteö�§ù�ö�í

Ø?¿'�i"

Partial order tree£½Â4.2¤´²~^u¢y`k�è���aêâ(

�"/�Ð0��3partial orderä��§¤±§�±3~ê�mS��"Partial

orderê�A«¢y®²uÐ
éõc
""æ"ù�c²~Ñy3ù
¢y�¶

i¥§Ï��@�partial orderä�(��§�u²ö·¶�"æ""�©æ

6.7.1 The Decrease Key Operation
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SAC

SF
STK

OAK

FRES

LA

SD

Figure 7.1: \²�¢½�m��1MÊ´ã£b��¤

7.2 ½ÂÚL«

��ª�§��ã´:£º:½!:¤�k�8Ü§¦�¥��Ü©ÏL�

½´�Þ£>¤ë�å5"XJ>´Ã��½´"V��"§Kã´Ã�ã"XJ

>´k��½ /́ü>�0§Kã´k�ã"/k�ã0��{�¤digraph"/Ã

�ã0k�{¡/ã0§�´ùk�ÿ¬ÚåØ)Ï�<�²~òÃ�ãÚk�

ãÑ{ü�¡�/ã0"·�²~3�UkÜÂ�þe©¥¦^A½�áu"�

��?Ø/ã0Q�Ã�ã��k�ã"

7.2.1 �
~f

ã´Nõ¯KÚ(��/��Ä�§�)$ÊÆ!O�Å�Æ!>f!²L!

êÆ!Ôn!zÆ!Ï&!Æ�ØÚNõÙ¦��¡"�Äe¡�~fµ

~ 7.1 Ê�´�ã

��Ê�´�ã�±^Ã�ãL«":L«¢½¶ü�¢½^�ë���=

���¥åØÊ��Å3¦��m�pÏ1"ã7.1£b��¤́ CaliforniaA�

¢½�Ê�´�"
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Start

knt:=0
i:=1

a[i]<0

i=num

i:=i+1

knt:=knt+1

Stop

1
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3 4

5 6

7

True

False

T rue

False

(a) 6§ã

1

2

3 4

5 6

7

(b) k�ã

Figure 7.2: ��6§ãÚ§éA�k�ãµ�ÞI5
6§���

~ 7.2 6§ã

6§ãL«
��L§S���6§½´��L§¥êâ½Ô��6Ä"6

§ã�µ´:¶6§ã��Þ´>"ã7.2±Pascal�{w«
��~f"

~ 7.3 ��'X

��'X31.3.1�!¥½Â"½ÂR´8ÜS = 1, · · · , 10þ�dkS

é(x,y)|¤���'X§Ù¥x´y�proper factor¶Ò´`x 6= y�y/x�{

ê´0"£ÁxRy´(x, y) ∈ R��«L«"3ã7.3�k�ã¥§:´S���§�

�=�xRy�xÚy�mkë�>"5¿R´D4�µXJxRy�yRz§KxRz"

~ 7.4 O�Å�ä

:´O�Å"�£Ã�ã¤½�Þ£k�ã¤́ Ï&�´"ã7.4Ð«
ü�

~f"

~ 7.5 8¤>´

:�±´�4+!n4+!>N!m'��"XJüö�mk>´ë�Kk

�"
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Figure 7.3: ~7.3¥�'XR§L«/x´y�proper factor0

(a) ��(/�ä (b) ���G�ä

Figure 7.4: O�Å�ä

c¡5�~f®²Ð«
µÃ�ãÚk�ãJø
�«���é©lé��

'X�Ä�/ª§�)Ôné�Ú¦��'X£'X§ÏLÊ��´!p�ú´

Úc´ë��¢½¤±9Ä�é��'X£'X��'XÚ§S��(�¤"

ù
~fÓ�JÑ
�
·��UF"£��'u¤L«�é�±9'X

�¯K§ù
¯K�±=�¤ã�â�"ù��¯K�±ÏLó�3ãþ��

{£�"~X§̄ K/3San DiegoÚSacramento�mk�ÏÊ�íº0�±=�

¤/ã7.1 ¥º:SDÚSACÚk>íº0�Äe¡�¯Kµ

1. lSan Diego��Sacramento�B¨�´�´@^º

2. @^´k�á��1�mº

3. ,���¢½�Å|Ï��Uí
'4
§\E,�±3zé¢½�m�

1íº

4. XJ�ä¥���>MdownK
§�ä¥�zéO�Å�m�UD4�

Eíº

5. ��:�,��:�m�´�6þkõ�º
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6. ���½���'X´�D4�íº

7. �½��6§ãkÌ�íº

8. XÛë�ØÓ�>´à�¦�ë�¤k�I��>���º

�ÙÚe¡�Ù¥·�òÆS�{£��õê¯K"

7.2.2 Ä��ã½Â

��!Ì�´ã�½ÂÚÄ�5¿"Nõ�²Ú½ÂÑÓ�·^uk�Ú

Ã�ã§·�¦^ú^�ÎÒL«üö�Ó�Ü©"�,§Ã�Úk�ãØ��

�Ü©·�òAO5²"

½Â 7.1 k�ã

��k�ã½digraph´��pair G = (V, E)§ùpV´��8Ü§§���

´º:§E�´��8Ü§���´V���kSé"º:Ï~��!:"E�

���>§½´k�>§½´l"éuE¥�k�>(v, w)§v���§w��

Þ¶(v, w)L«���k��Þv → w"3©�¥·�{ü���vw"

3��'X~f¥£~7.3§ã7.3¤§

V = {1, 2, · · · , 10}
E = {(1, 2), · · · , (1, 10), (2, 4), (2, 6), (2, 8), (2, 10), (3, 6), (3, 9), (4, 8), (5, 10)}

½Â 7.2 Ã�ã

��Ã�ãgraph´��pair G = (V, E)§ùpV´��8Ü§§���´

º:§E�´��8Ü§���´V���ÃSé"º:Ï~��!:"E��

��>§½´�
rN��Ã�>"z��>Ñ�±@�´�¹ü���V�f

8¶ÏdÎÒv, wL«Ã�>"̂ v-wL«"3©�¥·�{ü���vw"�,é

uÃ�ãwv = vw"

~Xéu~f7.1Úã7.1§·�k

V = {SF, OAK, SAC, STK, FRES, LA, SD}
E = {(SF, STK), (SF, SAC), (SF, LA), (SF, SD), (SF, FRES),

(SD, OAK), (SAC, LA), (LA, OAK), (LA, FRES),

(LA, SD), (FRES, STK), (SD, FRES)}

Ã�ã�½ÂV«
Ø�3ë�º:gC�ãµ>½Â��¹ü���§��8

ÜØUk­E���£1.3.1�!¤"
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½Â 7.3 fã,é¡ã,��ã

��ãG = (V, E)�fãG′ = (V ′, E′), V ′ ⊆ V, E′ ⊆ E"dã�½Â�I�

÷vE′ ⊆ V ′ × V ′.

é¡ã´ù��k�ã:k>vwK7k���>wv.z�Ã�ãkéA�é

¡ã,rÃ�>)º¤������ék�>.

��ã(�~´Ã�ã)´zéº:Ñk>�ã.

>vw�`§´�Nuº:vÚw�.

½Â 7.4 ��'X

ã½k�ãG = (V, E)�>ÚÑ
�«3º:8Üþ�'XA§¡����

'X"-vÚw´V���"KvAw£Ö�/w´v���0¤��=�vw3E ¥"

�é{`§vAw¿�X�±lvÑuÏLG�>��w"XJG´Ã�ã§'X

´A´é¡�"£Ò´`wAv��=�vAw"¤

´»path�Vg3NõA^¥�~k^§�)@
V��<!>{£½ö

>f¤�E!ÃÅûi!+�¥�hÚí���route¯K§±9Ù¦´»L«

Ä��á5�¯K£ëwöS7.3¤"2g�Ä7.1§b�·�F"��ÅlLos

Angeles£LA¤�Fresno£FRES¤"k�^>{LA, FRES}´�U�´d§�´�k

Ù¦�"·��±lLA�SAC�SF�FRES§½ö·��±lLA�SD�FRES"

ã¥LA�FRES�Ñ¡�/´»0"

½Â 7.5 ã¥´»

ãG = (V, E)¥�^lv�w´»´>v0v1, v1v2, · · · , vk−1vk�S�§ù

pv = v0Úvk = w"´»��Ý´k"���áº:v�±@�´�^�Ý

�0�gC�gC�´»"�^{ü´»�v0, v1, · · · , vkÑ´ØÓ"

`��º:wlv���§�lv�wk�^´»"

´»{SD, FRES}, {FRES, SF}, {SF, SAC}Ð«3ã7.5"·�Ï�Ñ´»

BL�¤kº:5I5�^´»£�´P4´»��Ý´§BL�>�êþ¤"

Ïd3ã7.5´SD,FRES,SD,SAC§�Ý´3"

½Â 7.6 ëÏ§rëÏ

ëÏ5connectivity�½ÂI�AO5¿§Ï�k�ã�ëÏ5ÚÃ�ã�

ëÏ5k«O"

Ã�ã�´ëÓ�§��=�éuz�éº:vÚwÑ�3�^´»

lv�w"

k�ã�´réÏ�§��=�éuz�éº:vÚwÑ�3�^´»

lv�w"

©¤ü�Öå5�Øõ�Õá½Â��Ï´§3Ã�ã¥§XJ�3

lv�w�´»KgÄ�3lw�v�´»"3k�ã¥§ùÒØ�½´ý§Ïd
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SF
STK

OAK
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LA
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Figure 7.5: SD�SAC�´»

�½c/r0̂ 5L«^�´r�"XJ·�òÃ�ãÀ�V���XÚ§òk

�ãÀ�ü���XÚ§KrëÏ5¿�X·��±l�:�?¿�:§=¦÷

Xü1���ü1��"ùw,´'V����î��^�"

½Â 7.7 ã¥�£´cycle in graph

£´�½ÂI�AO5¿§Ï�k�ã�£´ÚÃ�ã�£´k«O"

éuk�ã§�^£´=´�^���´»§�Ò´´»�å©º:´�

�§�^{ü£´´�^º:Ø­E�£´§Ø
å©º:´���"

éuk�ã½Â´aq�§�´O\
�¦µXJÓ�^>Ñy�L�

g§§o´±Ó����Ñy"Ò´`§¦^½Â7.5�IPL«§XJvi = x

Úvi+1 = yÙ¥0 ≤ i < k§KØ�3j¦�vj = y�vj+1 = x"

��ã´Ã��acyclic§XJ§vk£´"

��Ã�Ã�ã�Ã�Ü�"XJã�´éÏ�§§´gdä§½Ã�ä"

��k�Ã�ãÏ~{��DAG"£��DAG¿Øb�÷v?ÛëÏ5^

�"¤

ã7.6´��gd§½Ã�ä"5¿�âä�½Â§vkº:�À��"�

�rooted tree´��ä§§k��º:�O¤
�"����½��§ä~^�

If'XÒ�±�)Ñ5"
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C CH

H

H

H

H

HO

Figure 7.6: gdä§L«Ë°�©fª

Figure 7.7: kn�ëÓ©þ�ã

½Âé¡k�ãÚé¡Ã�ã��ÏV��£´"XJ£´�VgØ­�§

Ka procedure intended for directed graphs can often be used on the é¡k�

ãthat corresponds to an undirected graph. �´éu@
£´Vgé­��¯

K§ù«�\¿ØÐ^"~X§{ü�Ã�ãk�^>ab§�vk£´§�´§

�é¡éAãkü^>abÚba§�k��£´"

½Â 7.8 ëÓ©þconnected component

Ã�ãG�ëÓ©þ´G���ëÓfã§�'Vgéõ§§�½Âò��

½Â7.17"

·�7L©�ëÓ©þ¥/��0�¹Â"̀ ��ã3,
ã�8Ü¥´�

��§�§Ø´8Ü¥?¿ã�ýfã"§ØI�k3ã8Ü¥�õ�º:ê

½ö�õ�>ê"3½Â7.8¥§/8Ücollection0́ G¥¤këÓfã"

�â�©þ^uã�ëÓ�ÚÙ¦Ä�(��§§Ï~Û¹�)
3|¥

���5"·�ò3�Ù��¡��â�/rëÓ©þ0Ú/�ëÓ©þ0"ü«

�¹¥Ñk��5�Vg"

XJÃ�ãØ´ëÓ�§§�±y©�Õá�ëÓ©þ§�ù�y©´��

�"ã7.7kn�ëÓ©þ"

3Nõã�A^¥ég,��z^>'é���êi§Ï~¤��

�weight"êiL«±,«�ª¦^>�5��Ñ½öÂÃ"2g�Äã7.1§b

�·��lSD��SAC"k��ØÊÕ�1§�´�±¦^ÐA«routeÚ´»"



7.2. ½ÂÚL« 191

SAC

SF
STK

OAK

FRES

LA

SD

48
48

100 128

64

100

80

48

120

100

48

128

Figure 7.8: ã���L«
¦d

@«�Ðº�
£�ù�¯K§·�I���'�ØÓ´»�IO"�U�IO

k

1. ¥åÊ�gê

2. o�¦d

3. o��1�m

3ÀJ
IO��§·��±D��z�^>���§�LÏLù^>À1��

Ñ£Ê�gê§a½�m¤"�^A½´»�o�Ñ´ù^routeH{�¤k>�

Ñ�Ú"ã7.8Ð«�Ê�ã£b��¤þ�þ
z^>Å¦�d�"\�±�y
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Figure 7.9: w«�ÏUå���/ã

The assignment of numbers of edges occurs often enough in applications to

merit a definition.

½Â 7.9 ��ã

��ã´��n�|(V, E, W )§ùp(V, E)´ã£k�½öÃ�ã¤
W´

��E�R£¢ê¤�¼ê"£Ù¦��a.§'Xknê½�ê§�±·^�k


¯K"¤éu>e§W (e)�e���"

¼êù�â��Ufå5éEâz§�´��·�£�1.3.2�!ÒéN´

n)§Vgþ§¼ê==´�ÜV��Lµ¼ê�ëêÚëêéA�¼ê��"

ù«�¹ez^>L«31��¥�,�1§§���31��¥Ó��1¥"

êâ(�L«þ�U¬ØÓ§�´���LXÓ��&E"3ã�ã/L«¥§

·�{ü�òz^>���3>��>§Ò�·�3ã7.8Ú7.9"3k
A^¥

�òL«�Ñ½öÙ¦>�K¡ÀÜ§
k
¯K¥�´Uå½ö>�kÃá
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5"£�XA^�ØÓ¶Ïdâ�cost, length, or capacity �±O��weight"¤3

NõA^¥§�ØUg,@�´K�§as when ¦�L«ål�"k
�{��

(5�6î������K5§
k
�{U?nK�"

7.2.3 ã�L«Úêâ(�

·�kü«3�þL«ã��{µxÜã¡§ã¡¥º:^:L«§>^�

½ö�ÞL«¶�Ñº:Ú>"ù��!?ØÏ~3O�Å§S¥^5L«ã

�êâ(�"-G = (V, E)´ã§Ù¥n = |V |, m = |E|, ÚV = v1, v2, · · · , vn"

��Ý


G�±L«�n× nÝ
A = (aij)§¡�G���Ý
"A½Â�

aij =

{

1 if vivj ∈ E

0 otherwise
for 1 ≤ i, j ≤ n.

Ã�ã���Ý
´é¡�£=k��I��;¤"XJG = (V, E, W )´��

ã§��±�;3��Ý
¥§�IUÄ�e½Âµ

aij =

{

W (vivj) if vivj ∈ E

c otherwise
for 1 ≤ i, j ≤ n.

ùpc~ê§§��±5���¢y±9�)û�¯K"XJ�´�«�Ñ§c �

±ÀJ∞£½öÙ¦AO��ê¤Ï�H{Ø�3�>��Ñ�Up�¯<"X
J�´Uå§ÀJc = 0Ï~´Ü·�§Ï�Ø�3�>Ø¬k?Û�J"ëw

ã7.10a,7.10bÚ7.11a,7.11b"

k
3ãþ)û¯K��{I�u�z�^>¿�±,«�ª?n>�g"

XJ¦^��Ý
�L«§·��±rgraph��¤z�éº:�mÑk>§Ï

�Nõ�{ò¬u�Ý
�z��^8±�äù^>´Ä�3"Q,k�ã¥

>�U�êþ´n2§½öÃ�ã´n(n− 1)/2§ù���{�E,53Ω(n2))"

��Lê|

��Ý
L«�	,�«�{´^º:�?Ò5¢Ú�ê|§ê|¥�¹


óL§¡����L£adjacency lists¤"éuz��º:vi§1i�ê|���

¹��list§list¥´ãG¥¤klviÑu�>�&E"3k�ã¥§ù¿�Xvi´

>��¶3Ã�ã¥§>´'é�vi�"vi�list�¹z^>�����"�
(

½5�Lã§·�¡ù�ê|´adjInfo"§k±e½Âµ

L i s t [ ] a d j I n f o = new L i s t [ n+1] ;

·�ò¦^¢Ú1, · · · , n§¤±·�©�
n + 1� �§�´Ø¦^10� �"
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void br ea thF i r s tSea r ch ( I n tL i s t [ ] ad jVer t i c e s ,

i n t n , i n t s , i n t [ ] parent )

{

i n t [ ] c o l o r =new in t [ n+1] ;

Queue pending=c r e a t e (n ) ;

f o r ( i n t i =0; i<n+1; i++)

co l o r [ i ]=white ;

parent [ s ]=−1;
c o l o r [ s ]=gray ;

enqueue ( pending , s ) ;

whi l e ( pending i s nonempty ){

v= f r on t ( pending ) ;

dequeue ( pending ) ;

f o r ea ch ( ver tex w in ad jVe r t i c e s [ v ] ) {

i f ( c o l o r [w]== white )
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enqueue ( pending , w) ;
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//UYlist

}

//ùp?nº:v

co l o r [ v]=black ;

}
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}
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d(s, zα−1) + W (zα−1zα) ≤W (p′) (8.2)

éÜ(8.2)£8.3¤§W (p) ≤W (P ′)"

½n 8.7 �Ñ����K��ãGÚ
º:s§Dijkstra’s�{O�Ñs�G¥z

�����º:��áål£����´»��¤"

y²ÏLòº:Øä\��á´»ä�S�5y²"[!3�8.16¥"

8.3.3 ¢y

©Û

éu8.2.7�!éPrim’s��)¤ä�{§�{8.1§�©Û�±Ø�?ÛU

C��éDijkstra’s �á´»�{§�{8.2§þ5"Dijkstra’s�{3���¹e

�$13Θ(n2)"Ó��$�Ω(m)§�mI¦�´Θ(n)"

XJØ���º:�êþéõ§Ký?n��ÿÿÁ���5¬�k�Ç§

�ØØ���º:§é����­#?Ò1, · · · , nr"o��Ñ´Θ(m + n2
r)§


Ø´Θ(n2)"

8.4 Kruskal’s ��)¤ä�{

-G = (V, E, W )´k���Ã�ã"8.2!¥·�ÆS
éãG��)¤ä

�Prim’s�{£G7L´ëÏã¤"�{l?¿º:m©§ÏL/�8�0ÀJ�

���>Øä©|Ñä"?Û�ÿ\\�^>Ñ´��ä"ùp·�u�,�

«^�8üÑ��{"�!¥¤k�ãÑ´Ã�ã"

8.4.1 �{

Kruskal’s�{���g�Xe"z�Ú§Ñ3ã�e�>¥À�^���

�§�´¿ï�®ÀJ�>�¤£´�"?¿��ÀJ�>Ñ�U�åé�§¦

�/¤Ü�§
Ø7L´ä"�¤k>Ñ?nL���{ª("3�ÄXÛ¢

yù�g��c§·�7L¯§´ÄUó�"Q,ã�±Ø´ëÏ�§·�Äk

I���½Â"

½Â 8.4 )Ñä8Ü

-G=(V, E, W)´��Ã�ã"G�)Ñä8Ü´��ä�8Ü§z��ä

Ñ´G���ëÓ©þ§8Ü¥�äÑ´ëÓ©þ�)¤ä"��)¤ä8Ü´

)¤ä8Ü¥§>��Ú���)¤ä�8Ü§Ò´`´��)¤ä�8Ü"
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kruskalMST(G, n)

{

R=E;

F=�8Ü ;

whi l e (R��)

{ £ØR¥����>§'Xvw ;

i f (vwØ3F¥/¤£´)

V\vw�F ;

}

return F ;

}

Äk§G�z��º:Ñ3,�ä¥í£XJã´�ëÏ�§Ò�Ukõ�

ä¤º-v ´G�?�º:"XJ���^>ë3vþ§-S´N\3vþ¤k>�

8Ü§K1�^lS¥�r�>ò\\F"�´XJv´�áº:£vk>���

ë¤§K§òØÑy3F¥§
�vk�Ñ§�{§I�üÕ�Ä"

e��¯K´�{)¤�´Ä´)¤ä8Ü§b�Gvk�áº:"Ò´

`§éG�z��ëÏ©þF¥´ÄÑk��°(�äºe¡�ÚnJø
ù�

¯K��
n)"y²´{ü�§33öS¥"

Ún 8.8 -F´Ü�¶Ò´?¿Ã�Ã�ã"-e=vw´Ø3F¥�>"XJeÚF¥

�>�¤£´§��=�vÚwáuF�Ó��ëÏ©|"

y3b�G�k
ëÏ©þéAKruskal’s�{���Ü�F¥�ü�½ü

�±þ�ä"G¥7,�3>ë�ùü�ä§¡�vw¶vÚwáuFØÓ�ëÏ

©|"Ïd§��{?n>vw�§§7,¬��F’§F’3Ü�¥k£´�3"¤

±vwØ¬V\�F’"duÚn8.8§vÚw

8.4.2 ©Û



Chapter 9

D44�!?¿ü:��á´»

9.1 Vã

�ÙÆSü��'�¯K§ùü�¯K�±��ª�£ã�e¡ü�'u

��ã�¤kº:é�¯K��Yµ

1. u�vk´»íº

2. u�v��á´»º

31ÔÙÚ1lÙ·��L
ùü�¯K�AÏ�¹§=1��º:´�

½�§=1��º:�±´ã¥?¿º:"�Ù¥§·�ÆS��¡�¯K"

�ÙLy�Ì��{g�k�~2��A^"Klneene£�
nÜ�K�

ó§�Övk�9¤§Warshall£�
D44�¤§Floyd£�
¤ké��á´

»¤�gÕá�lØÓ�A^uy�Ù��{g�"Ï~§�¡�Kleene-Floyd-

Warshall�{"��ùa¯KÑ�±¡�semi-ring closure¯K"ù�Ñ
�Ö

���"�Ö�Ù�¡�5ºÚÚ^©z��?�Ú&E

9.2 ��'X�D44�

�!¥§·�½Ââ���'X�D44�§¿ò¦��'Xw�k�ã�

´»"·��Ú\�
�Ù¦^�ÎÒ"Äku��«�~����D44�

��{§��¬kE,��{"

9.2.1 ½ÂÚ�µ

-S´��s1!s2!...�8Ü"ES1.3.1�!§Sþ���'X´��S@Sf

8§¡�A"XJ§·�¡si�sjk'XA§¦^ÎÒsiAsjL«"
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b�Skn���"'XA�±L«n× nÙ�Ý


aij =

{

true XJsiAsj

false Ù¦

m©·�^ù«L«�ª§�5·���Ä¦^1§0�OtrueÚfalse¶ãL¥

�w«�1§0"éuÙ�Ý
§â�0Ý
§L«�0§¿�XÝ
¤k���Ñ

´false¶ü Ý
§L«�I§¿�XÝ
é�����´true§Ù¦���Ñ

´false"

ã¥º:8Ü�m���'X

9.3 D44��Warshall’s �{

9.4 ã�?¿ü:��á´»

318Ù¥§·�ÆS
Dijkstra’s�{£�{8.2¤§Ù3��ã¥é�
A

½
º:�¤kÙ¦º:��^�á´»Úål"�{¦^��L(�§3�

��¹e$13�m"y3·��Äe¡�¯Kµ

¯K 9.1 ?¿üº:�m��á´»

�Ñ��ãG=(V, E, W)§kº:V = v1, · · · , vn§ã^Xe�Ý
L«

wij) =























W (vivj) vivj ∈ E

∞ vivj 6∈ E ∧ i 6= j

min(0, W (vivj)) vivj ∈ E

0 vivj 6∈ E

(9.1)

O�n × nÝ
D§Ù¥dijL«vi�vj��áål"£ålÒ´���´»�

�¤"

ã9.3´�~f"¯K�±*Ð¤I��á´»�´dL"XJ�3K��

�§Kk
º:�m�ålØ¬´�á�´»–3�þ7?¿����´»¬�

�"

O�D�£XJGvkK�¤���{´éz��º:¦^�{8.2"�´§

·��±¦^*Ð�Warshall’s�{§Ò´R.W.Floyed"ù��{�°{§§�

Ø
�{8.2�êâ(�"

·�XÛO�D[i][j]º�á´»�U±?¿^S²L?¿Ù¦º:"Ò�

3Warshall’s�{¥�§·�±´»¥m�êi�p�º:5©a´»£ëw½

Â9.2¤"

£�Ún8.5¥��á´»á5µXJvi�vj��á´»²L¥mº:vk§K

´»¥vi�vk¥��ãÚvk�vj¥��ã©OÑ´�á´»"XJ·�ÀJk�
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�vi�vj´»¥�p¢Ú�¥mº:£b�´»�¹�^±þ�>¤§KÑy�

z���ã¥�pêi�¥mº:�¢Ú7,Ñ�uk"£ëwã9.2§ÙÐ«


Warshall’s�{���g�"¤ùJ«3Ì�¥O�Ý
D§±e¡�48�

ª"

D(0)[i][j] = wij

D(k)[i][j] min(D(k−1)[i][j], D(k)[i][j] + D(k−1)[k][j])
(9.2)

ùpwij3�ª£9.2¤¥½Â"ÏLc¡é�á´»á5�*	§Ó��*

:^3
Ún9.1¥§e¡�Ún�±y²£y²33öS¥¤"

Ún 9.1 éuz��0, · · · , n¥�k§-d
(k)
ij ´vi�vj²L¥mº:vk �{ü´

»����§-D(k)[i][j]d�ª£9.3¤½Â"KD(k)[i][j] ≤ d
(k)
ij "

~ 9.1 O�ålÝ


�ª£9.3¤O�
��Ý
S�µD(0), D(1), · · · , D(n)"Q,O�D(k)=

^�
D(k−1)§·�v7��;c¡�Ý
§�I�ü�n× n Ý
Ò�±


"¯¢þ§=���¶O��±3Ý
DS?1"Q,Ý
���=UØä

C�§XJb�D(k−1)[i][j]�¦^
§�´D(k)[i][j]�±�O§� �§·�

-D(k)[i][j] ≤ D(k−1)[i][j] ≤ d
(k−1)
ik §O�L§¬é��Ð�´»�"

�{ 9.1£Floyed¤?¿ü:m�á´»

9.5 ÏLÝ
ö�O�D44�
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Chapter 10

Ä�5y

10.1 Vã

Those who cannot remember the past are condemned to repeat it.

-George Santayana, The Life of Reason; or,

The Phases of Human Progress(1905)

3O�Å�Æ¥Ä�5y®²üz¤�«Ì���{�O�~"�´§

�¶iéuNõ<k: �"ù�¶i´1957cdRichard Bellman3£ã�

«�`��¯K��E�"¢Sþ§¶i5
�£ã�¯K
Ø´)û¯K

�Eâ"ùpprogramming L«/�X�ÀJ0§'X5y��Ã�>Õ"c

Ä��£dynamic¤L«�«g�§=ÀJ�6u�c�G�§
Ø´3�

cÒû½Ð
"¤±3�5¿gp¡§a radio show in which listeners call in

request might might be said to be "dynamically programmed" to contrast it

with the more usual format where the selections are decided before the show

begins. Bellman£ã
�«)û/dynamically programming0¯K��{§ù

«�{¤
�5ÐõO�Å�{�(a"ù��{�Ì�A:´ò�ê�m�

¯K=�¤õ�ª�m"ù¡�
Ä�5u�{�Ì�A:"

�ÙØÓ�Ù¦Ù§Ù¦Ù¥·�²~'5,�¯K½A^+�¿��{

5)û�¶�´3�Ù¥§·�'5�«Eâ§�ØÓA^+�muÄ�5y)

û�Y�Eâ"

gº�e���O´g,��r��"·�Äk3Ï^�ªþ�ÄÚOy§

��3O\[!"·�ÏLòº�E,�¯K©)¤f¯K5)û�"¦^4

8§·�ÏLò�.¯K©)¤Ó���5�¯K5)û"©
£�§ù«48

�{�OEâ§�y²3��¯��üS�{�´ék^�"�´�Ð�48

��§XJØ�(���§§E,òC��~$�"Fibonacciê�Jø
��{

ü
���~f"
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~ 10.1 48�Fibonacci¼ê

£Á�ª1.13§Fibonacciê�±48�ª½ÂFn = Fn−1 +Fn−2éun ≥ 2§

>.�´F0 = 0, F1 = 1"¦�´48½Â�§¤±g,
,�O�¦�Ò¦^

~3.1�Ñ�48¼êfib(n)"�´§Xã7.13¤«§g,�48O�k�ù�$

�Ç§Ï�?1
�þ�­Eó�"ã7.13¢�þÐ«
fib(6)�¹ÄP¹ä"�

��§fib(n)�¹ÄP¹ä´���Ý�n/2£�m>�´»�á¤�����

ä§
�3�$��Ýk�õ�!:§¤±$1�m��´Ω(2n/2)"öS10.1¬

�Ñ��°(�ì?�"�´Fn�±dΘ(n){ü�é��{O�Ñ§�I�O

�¿P¹'n���Ò�±
§XJ���Ñ´®��{O�fib(n)�I�~þ

�m"£ES3.2.1�!§{ü�éÒ´ØN^¼ê§I�~þ�m�1��é"¤

b�k���ê|f§e¡��èµ

f [ 0 ]=0 ; f [1]=1

fo r ( i =2; i<=n ; i++)

f [ u]= f [ i−1]+ f [ i −2];

öS10.2dispenses with the ê|"

��Ä�5y�{�f¯K�;(J½´)û�Y§��3I�¦�5)

û�.¯K��ÿ§Ò�±���é¦�
Ø´­#O�"ÏdÄ�5yAO

·Ü@
48�{¬­E)ûéõf¯K�¯K"

We will introduce a characterization of dynamic programming algorithms

that provides a unified framework for a wide variety of published algorithms

that might seem quite different on the surface. ù@framework#Nò��48

)û�Y=�¤��Ä�5y�{§Jø
©ÛÄ�5y�{E,Ý��{"

10.2 f¯KãÚ¦���H{

Ò�@k`²�§̄ K²~ÏL©)¤Óa.��¯K5)û�§48�)

û
�¯K2Ü¿(J"b�·�kù���)û�Y"·��±Äu¯KÚ

¦��'�f¯K½Â��k�ã"

½Â 10.1 f¯Kã

b�éu¯Kk48�{A"A�f¯Kã´k�ã§ã�º:´¯K�¢

~½Ñ\§ã�k�>I → JL«�{A3)û¢~I�k�����48N^

¢~J"£ùp·�¦ /̂I → J0
Ø /́IJ0́ �
rN>´k��"¤Ú·�

î8���Ä�Ù¦ãØÓ§±c�ãÑ�±w«�L«���êâ(�§f¯

Kã´Ä��vkw«�L«"

-P´�{A���¯K¢~¶Ò´`·�b�A(P)Ø´��48N^"

KA(P)�f¯Kã´A�f¯Kã��±lº:PÑu����Ü©"
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6 5 4 3 2 1 0

Figure 10.1: fib(6)�f¯Kã

~ 10.2 Fibonacci¼ê�f¯Kã

éu48�Fibonacci¼ê§fib(n)§̄ K¢~´�K�ê§¤±F�f¯Kã

�º:�´g,ê"k�>´{i → i− 1|i ≥ 2}⋃{i→ i− 2|i ≥ 2}"¦+ã´Ã
��§�´éu?¿O�fib(n)éA�fã£~X§�±lº:n Ñu���Ü

©¤=kn+1�º:Ú2n^>"ã10.1Ð«
ù�~f"

XJ�{Ao´�ª(�§K§�f¯Kã7,´ÃÌ��"k�Ã�

ã£DAGs¤37.4.6�!¥ÆSL§·�òk��^�c¡ÆSSN�Å¬"Ï

L�é��º�48N £̂¡�A(p)¤�)�¹Ävä§w,ä¥�z�^´»

ÒéAu�^A(p)�f¯Kã¥��^>§ù^>±º:P�å:§±Ä��¹

�(å:"Ä��¹!:vkÑ�>"3ù�Ä�ã¥º:Ò´¯K¢~"k�

>�L�1A(p)�L§¥?1�48N^"�Ä

½Â 10.2 48�{�Ä�5y��

�½48�{A§A�Ä�5y��P�DP(A)§´��

10.3 Ý
�¦{^S¯K

�!¥·�ò)ûÝ
¦{�^S¯K§ù´��Ä�5y�²;~f"3

e�!¥·�òÆS��å
�ù�¯K��Ø�Ó�,��¯K§�´k�

��~aq�)û�{"üöÚ3�å´��Ä�5y�Ð�\�"

�!�8�Ø´Ð«XÛ)ûÝ
¦{�^S¯K§
´Ð«XÛ�Ú�

Ú�¦^5K5muÄ�5y�{"·�F"ùp�5KU�ÏÖö)û#�

¯K§U4Öök�«g�£�o�ÿT¦^Ä�§S�üÑ¤"�´Ï�·�

�)ºÝ
¦{^S¯K�)û�Y§¤±ù�¯K�/��0¬'�Ð"

10.3.1 Ý
¦{^S¯K

b�·��¦3�GÝ
�ë¦ªf¥§�Ð�¦{^S"·�¦^ÊÏ�

Ý
¦{�{£�{1.2¤§z�g·�¦þü�Ý
"��p× q�Ý
¦±q × r

�Ý
§I��pqrg���¦{"ùp�±ké­��ü:"1�§Ý
�¦
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{k(ÜÇ§=A(BC) = (AB)C"1�§(Ü^S�ØÓ§ó�þ¬ké��

�O"�Äe¡�~f"

~ 10.3 ØÓ�Ý
¦{^S

·��¦�Ý
���Xeµ

A1 ×A2 ×A3 ×A430× 11× 4040× 1010× 25

e¡�O�Ð«
ØÓ�¦{^S�ØÓO�þ"

((A1A2)A3)A4 30× 1× 4030× 40× 1030× 10× 25 = 20700

A1(A2(A3A4)) 40× 10× 251× 40× 2530× 1× 25 = 11750

(A1A2)(A3A4) 30× 1× 4040× 10× 2530× 10× 25 = 41200

A1((A2A3)A4) 1× 40× 101× 10× 2530× 1× 25 = 1400

éu���¯K§b�·��ÑÝ
A1, A2, · · · , An§ùpAi��ê´di−1×
di(1 ≤ i ≤ n)"·�7L�õ�g¦{§����Ñ´õ�º·���Ñ´��

¦{�gê"£�,�k�
¼êN^�m�"¤y3·�ò5¿å�3é��

��Ñþ¶��·�¦�{/£Á0å��´No���"·�òAkÚAk+1 �

m�¦{L«�1kg¦{"

10.3.2 �8�}Á

?Û�«n-1g¦{�S�Ñ´Ü{�§�{I�û½@����Ñ´��

�"�8��{wþ�´�1�"ÄkÀJ�Ñ���@g¦{§3ùg¦{�

�¦ÑÝ
��êCz§UYÀJ���Ñ�¦{§­E�"~10.4 Òkù«ü

Ñ",
§3,
3�Ý
�S��£=küg¦{¤§ù«üÑ¬�}",�«

�8�üÑ3öS10.6¥";.�§Ä�§S�{'�8�{��Ñ¤�m§¤

±=3Ã{é��8üÑ5¦�`�â¦^Ä�§S�{"

10.3.3 Ä�5y�)û�Y

·��e��}Á´muÑ�«48�{"b�§3ÀJ1��¦{�

�£S�¥� �i¤§·�48)û�e��`z¯K"·�éz��iÑ��k

��1��ÀJ}Á�g§��ÀJk��|Ü�Ñ�i"ù��£��{§Ï

�3}Áz�����ÀJS���§�{£���C�ÀJ:�c§3}Á,

�«ÀJ¶�ù�:�ÀJÑ}ÁL��§�{£���@�ÀJ:2}Á#�

ÀJ§UY��¤k�ÀJÑ}ÁL
"·�38��¯K�Lù«�{£ëw

ã7.14¤
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mmTry1(dim , len , seq )

{

i f ( len <3)

bestCost =0; //Ä��¹��ê|½´vk

e l s e

{ bestCost=∞ ;

f o r ( i =1; i<=len −1; i++)

{

c=seq [ i ]� ��¦{��Ñ ;

newSeq= seqØ�1i��� ;

b= mmTry1(dim , len −1, newSeq ) ;

bestCost=min( bestCost , b+c ) ;

}

}

return bestCost ;

}

b��êd0, · · · , dn3ê|dim¥"·��±ê|ØC§=ÏL���êS�

5I£f¯K§�êS�L«�eÝ
�ê�¢Ú"�m©¢ÚS�´0, · · · , n"
5¿¤k�S��¢ÚØ
1��Ú����§ÑéA¦{$�Î"

31��ÀJi��§�e¯K�¢ÚS�´0, · · · , i− 1, i + 1, · · · , n"Ò´
`§ÀJ�1��¦{´Ai×Ai+1§Ù�ê´di−1§diÚdi+1"-B = Ai×Ai+1¶

KB��ê´di−1 × di+1"�e�f¯K´¦

A1 × · · · ×Ai−1 × B ×Ai+2 × · · · ×An

b�¢ÚS����;30m©�ê|seq¥§len´seq��Ý"�{�V�´

ù��{�48�ª´T (n) = (n − 1)T (n − 1) + n "ù�)û�Y

3Θ((n − 1)!)§�´·��8I´ÏLò48�{=�¤Ä�5y�{5J,

5U"

�
�O��Ä�5y���§·�ÄkI�©Ûf¯Kã"lÐ©�¯

K�±��õ�f¯K§Ò´¢ÚS�0, · · · , n�±£ãõ�¯Kºùp·�;
�
��X�(J"¦+fS�´±�á�f«mm©�§�´�Xf¯K�

Ý�Øä\�§¦�¬C¤�5�õ�¡ã"~X�n=10��ÿ§ÀJ
fS

�1,4,6,9§�e�¢ÚC¤
0,2,3,5, 7, 9,10"vk{ü��ª5�½fS�"�

�þ5`§Ð�S��z��fS�£���3����¤Ñ´������f

¯K"ùpk2n�ù��fS�£ëwöS10.3¤§Ïdk�êþ?�f¯K"ù

�ã��Ã{k���é
"
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ù�Ð«
�OÄ�5y�{�­��{K"f¯K7Lk{üI£"ù

��
f¯Kã���5�£º:�êþ–�´�UkNõ�>¤§¿��±�

¤k�I£?�i;£3I�)û���S1¤"£�I£§½id�¹Â§���

��I£3i;¥���L«T��£2.5.3�!¤"i;¥ØÓ�I£éAØÓ

���"Ïd§��·�òi;�����3Ñ\�õ�ª�m�S§½ö�

�§@o·�Ò�±�y3�Ý`k|¢f¯Kã�3õ�ª�m�S"

Äuù
�Ä§·�¿£�·�I�ØÓ�g´5ò¯KØ ¤f¯K"3

1��Ý
¦{���éMï�f¯Kvkó�"ÏLÀJ����Ý
¦{

Mï�f¯KNo�ºb�����Ý
¦{� �´iºù¢SþMï
ü�

f¯Kµ

1. ¦±A1, · · · , AiÙ�ê¢Ú´0, · · · , iµ

A1(d0 × d1)×A2(d1 × d2)× · · · ×Ai(di−1 × di) = B1(d0 × di)

2. ¦±Ai+1, · · · , AnÙ�ê¢Ú´i, · · · , nµ

Ai+1(di × di+1)×Ai+2(di+1 × di+2)× · · · ×An(dn−1 × dn) = B2(di × dn)

���Ú¦±B1B2��Ñ´(d0, d1, dn)"

¿ØUá=*	Ñù'·��m©��ªÐ3@p"�´·�5¿�z

��f¯KÑ�±I£¤���êé£8c��¤£0§i¤Ú£i§n¤"Ò´`§

1��f¯K�¢ÚS�´(0, 1, · · · , i)§�´Q,��´ëY�§¤±=I�
�Ñª:"£��é£j-1,j¤L«Aj´üÕ�§�Ñ´0¤Ò�c¡`�§�êê

|d0, · · · , dnØ^UC§�±�����Û�ê|"

3?�Úu��c§·�w���3f¯KþÀJ
����¦{�¢Ú§

MïÑ5�#f¯K��±^���êé5£ã"~X§XJ3f¯K(i,n)¥À

J
k§#�f¯K´(i,k)Ú(k,n)"Ïd·�w�ù«¯K©)�{=3f¯K

ã¥Mï
Θ(n2)�ØÓf¯K"

Ò�c¡��§·�Ø����ÀJ@��¦{¬kõ�m�§¤±·�I

�qÞ¤k�ÀJ"mmTry2(dim,low, high)�8IÒ´é�£low,high)�½�

f¯K��`�Ñ§ùplow<high"ÙV�aq�mmTry1µ�mmTry1aq§

ù�´��£��{"ù��{�°(48�ª´E,�§�´·��±��

��{z���w«Ù�u2n(ëwöS10.4¤"·�ýO�ù�:§Ï�§£�

�{;.�Ñ´�ê?O�§�´·�F"�±ÏLrg,�48�{=�¤

Ä�5y5U?5U"

2�g�§4·��Äf¯Kã§ùpÐ©�¯K^é(0,n)£ã"º:£f

¯Kã�¤ÏL�êé(i,j)I£§i<j�i,jÑ30,,,n���S§¤±k�n2/2�"

éué(i,j) I£�f¯K,,

1È5µ=�½¯K5�Ùf¯K�5�´�±���



10.3. Ý
�¦{^S¯K 233

mmTry2(dim , low , high )

{

1 . i f ( high−low==1)

2 . bestCost =0; // Ä��¹µ=k��Ý


3 . e l s e

4 . bestCost=∞ ;

5 . f o r ( k=low+1; k<=high−1; k++)

{

6 . a=mmTry2(dim , low , k ) ;

7 . b=mmTry2(dim , k , high ) ;

8 . c= �k?¦{��Ñ , dim [ low ] , dim [ k ] , dim [ high ]

9 . bestCost=min( bestCost , a+b+c ) ;

}

10 . r e turn bestCost ;

}

3e��L§p§i;�cost§Ù���I£´�é�ê"�
¦^Ï

^ADT§·�7LòI£�C?��|�öa§�·��±½��i;���§

¦��Éü��ê§lowÚhigh��ü�ëê"·��,¦^i;�ö�create,

member, retrieveÚstore"1Ò�mmTry2«O"

Q,f¯KÏL��0, · · · , n�S��êéI£§@oi;�±^��(n +

1)× (n + 1) Ý
5¢y"3mmTry2DP¥·��;Úu¢f¯K��`)"3

�¡����{p§costê|ÏLlastê|5|±§lastê|�¹
f¯K��`

ÀJ¦{"Ã¡�^8I£f¯K�vk)û"·�ò��i;§���¯ê

|"

·�®²w�mmTry2�±ÏL�
Å��Ú½Ò=�¤mmTry2DP§Ù

¢y
memo-ization"(Jwþ�é�DFS�µeµ16Ú1713��Ì�¥ÿ

Ávk)û�f¯K£vkuy�§½´xº:¤§ù�Ì�H{
¤kI�

�¯K£¤k���º:�>¤"®)û�f¯K£çº:¤==�é�e"3

1101£postorder time¤�cf¯KC¤®)û
£�cº:IP�ç¤""""

""""""

lc�ãJ��>§·�uy§~�1��¢Ú�±1��¢Úò���$

�ÿÀê"
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mmTry2DP(dim , low , high , co s t )

{

1 . i f ( high−low==1)

2 . bestCost =0; // Ä��¹µ=k��Ý


3 . e l s e

4 . bestCost=∞ ;

5 . f o r (k=low+1; k<=high−1; k++)

{

6a . i f (member( low , k)==f a l s e )

6b . a=mmTry2DP(dim , low , k , co s t ) ;

6c . e l s e

6d . a=r e t r i e v e ( cost , low , k ) ;

7a . i f (member(k , high)==f a l s e )

7b . b=mmTry2DP(dim , k , high , co s t ) ;

7c . e l s e

7d . b=r e t r i e v e ( cost , k , high ) ;

8 c= �k?¦{��Ñ , dim [ low ] , dim [ k ] , dim [ high ]

9 bestCost=min ( bestCost , a+b+c ) ;

}

10a . s t o r e ( cost , low , high , bestCost ) ;

10b . r e turn bestCost ;

}
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10.4 �E�`��ä

3�!¥·��Äù���¯K§XJ·���ék
'�i��égê

õuÙ¦�§N�3���éä¥ü�'�i£5
u�.8Ü¤¦�²þ�

égê��"3���éä!:þ�'�iÎÜ½Â6.3¥�Ñ����éäá

5"£��e§±¥SH{���éä���´'�i�,SS�"wã10.3�

~f"Öö�UF"3ÆS�cES�e���éä�H{�{£�{6.1¤"

½Â 10.3 ·�æ^e¡�PÒµ

1. ½ÂA(low, high, r)�f¯K(low, high)´K�À����éä����

����Ñ"

2. ½ÂA(low, high)´f¯K(low, high)éu¤k������Ñ"

3. ½Âp(low, high) = plow + · · · + phigh¶Ò´`§VÇthat the key being

search for is some key 3��Klow�Khigh¥¤k"·�¡ù��f¯K

��(low, high)"

XJéu�¹Klow, · · · , Khigh�A½ä§Ùu¢��Ñ�´W£b½§´��

���ä§¤±§����Ý´0¤§KXJ§�����Ý´1�fä�§Ku

¢��Ñ�´(W+p(low, high))"Ò´`§z�g|¢BL��fäÑ'�5´

��ä��õ�g'�§¤±õÑ�Ü©´p(low, high)"£ëw�ã10.4¤ù�

'X#N·�48�Ü¿f¯K�)û�Y����¯K�)û�Y"

A(low, high, r) = pr + p(low, r − 1) + A(low, r − 1) + p(r + 1, high) + A(r + 1, high) = p(low, high) + A(low, r − 1) +

(10.1)

A(low, high) = minA(low, highr, r)|low ≤ r ≤ high (10.2)

·��±���48L§O�A(low, high)§Äu�ª(10.2)Ú(10.3)"�´§

Ò�·�310"3!ÆS�Ý
¦{^S¯K§·�ò348)û�Y*	�N

õ­E�ó�"�{$1�mò´�ê�m"2�g§�
;�­Eó�§·�

½Â��i;§̂ ��(n + 2)× (n + 1)�ü���ê|§��costÚroot"

Ò�3Ý
¦{^S¯K§f¯K
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Chapter 11

G��

11.1 Vã

3ùÙp¡·�ÆSu���A½fG£¡�pattern¤´ÄÑy3,��

iÎG£¡�text¤�¯K"ù�¯K²~Ñy3

11.2 ���)û�Y

11.3 Knuth-Morris-Pratt�{

11.4 Boyer-Moore�{

11.5 CqG��
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Chapter 12

õ�ªÚÝ


12.1 Vã

ù�Ù�?Ø�¯K´õ�ª��£�ÚØ�ý?nXê¤§õ�ª¦

{£����lÑFá�C��~f¤ÚÝ
�þ¦{"ù
?Ö¤^��ö�

��´¦Ú\"3ÎO�Åþ§¦{'\{��éõó�§k
�{´ÏLO\

�
�	�\{5~�¦{�êþ±d/Jp0�Ý"Ïd¦����6u¦{

Ú\{��é�d"Ù¦��{^�´~�ùü«ö��êþ£éu��.�

Ñ\¤"

�Ù¥�Nõ�{¦^©
£�üÑµ�ý?nXê���õ�ª£12.2.3�

!¤§Strassen’s Ý
¦�{£12.3.4�!¤§Ú¯�Fá�C�£12.4!¤"

�Ù¥Nõ(J�.�Ñ´���Ñ§vk�Ñy²"ë��Ù�¡�5

ºÚÚ^©z��ù
(J��?�Ú�&E"

12.2 O�õ�ª¼ê��

�Äõ�ªp(x) = anxn + an−1xn−1 + · · ·+ a1x + a0§Xê´¢ê§n ≥ 1"

b�§Xêa0, a1, · · · anÚx�Ñ§̄ K´O�p(x)��"

12.2.1 �{

ü«ö�a.ò©OIP�∗/Ú±"
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12.2.2 O�õ�ª�.�

12.2.3 O�õüÛ�.�

12.3 ¥þÚÝ
¦{

12.4 ¯�Fá�C�ÚòÈ

Fá�C�3ó§!Ôn�ÆÚêÆ¥2�¦^"§�lÑ��A^3S

��¯K§¦ �©�§�)§>´�O§u¬¤¥§3&Ò?n¥A^�~2

�"lÑFá�C�´�@�¦^©
£�üÑmu��{'��¦)�ì?

��$�¯K"U?��{�¯�Fá�C�"

ù��{k���K�§Ï�NõÙ¦�êÆO�UL«�,«/ª�F

á�C�"k
�¹eò�5�¯K=�¤Fá�C�¯K5)û§'��)

û�5�¯K�¯"òÈÒ´ù���~f"

½Â 12.1 òÈ

,UÚV´n��þ§¢Ú´0�n-1"UÚV�òÈ§L«�U*V§½Â�n�

CþW§Ù¥Wi =
∑n−1

j=0 ujvi−j§Ù¥0 ≤ i ≤ n− 1�m>�¢Ú±n ��"

~X§éun=5§

w0 = u0v0 + u1v4 + u2v3 + u3v2 + u4v1

w2 = u0v1 + u1v0 + u2v4 + u3v3 + u4v2

· · ·
w4 = u0v4 + u1v3 + u2v2 + u3v1 + u4v0

O�ü��þòÈ�¯K²~3VÇ¯K§ó§§ÚÙ¦+�JÑ"�Ù?Ø�

ÎÒõ�ª¦{´��òÈ$�"

3n�Cþ�lÑFá�C�Úü�n�Cþ�òÈ¥Ñ�±^����ª

¦§I�n2g¦{ÚÑ�un2g\{"·�òÐ«O�lÑFá�C��©


£��{§�^Θ(n log n)�â$�"ù��{£§k�«CN¤Ò´¯�Fá�

C�FFT"�¡·�ò¦^FFT3Θ(n logn)�mSO�òÈ"ù��m!�´

é�*�"

0B�!¤k�Ý
!ê|Ú�þÑ´±0��¢Ú�m©"Eê�ü 

�£roots to unity¤Ú¦���
Ä�á5ò3FFT¥¦^"Ä�½ÂÚI��

á53�!�N¹¥ES
£12.4.3�!¤"éEê½´1n�ü �Ø´éÙG

�ÖöATkÖ�eN¹"
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12.4.1 ¯�Fá�C�

lÑFá�C�ò��n�E�þ£�Ò´��Ñ´Eê�n��þ¤C�

¤,��n�E�þ"C�n�¢�þ§�±@�´JÜÑ´0�n�E�þ"

½Â 12.2 ¯�Fá�C�ÚÝ


éun ≥ 1§-ω be a primitive nth root of 11§-Fn´n × nÝ
Ù��

´fij = ωij§ùp0 ≤ i, j ≤ n− 1"n��þP = (p0, p1, · · · , pn−1)�lÑFá�

C�´¦ÈFnP"

FnP�©þ´

ω0p0 + ω0p1 + · · ·+ ω0pn−2 + ω0pn−1

ω0p0 + ω0p1 + · · ·+ ω0pn−2 + ω0pn−1

· · ·
ω0p0 + ωip1 + · · ·+ ωi(n−2)pn−2 + ωi(n−1)pn−1

· · ·
ω0p0 + ωn−1p1 + · · ·+ ω(n−1)(n−2)pn−2 + ω(n−1)(n−1)pn−1

��UC�e/ª§1i�©þ´µ

pn−1(ω
i)n−1 + pn−2(ω

i)n−2 + · · ·+ p1ω
i + p0

Ï
XJ·�òP�©þ)º�õ�ªp(x) = pn−1xn−1 + +pn−2xn−2 + · · · +
p1x + p0 �Xê§K1i�©þ´p(ωi)§
O�P�lÑFá�C���O�õ

�ªp(x) 3ω0, ω1, ω2, · · · , ωn−1��§�Ò´z��1�1n­�"·�ò±ù«

*:?Øù�¯K"·�òÄkmu�«©
£���48�{2c[`z§

�K48"·�òb½n´2��êg�"£éuØ´��¹�±N��{"¤

©
£�üÑ´ò��¯K©)¤��¢~§)û�§̂ �¢~�)|Ü

¤�5¢~"ùp§�
O�p�n�:§·�O�ü����5�8Üf8�õ

�ª2·��Ü¿(J"ESωn/2 = −1±90 ≤ j ≤ (n/2)− 1§ωn/2+j = −ωj"

òp(x)UÛê�êÚóê�ê©�ü|µ

p(x) =

n−1
∑

i=0

pix
i =

n/2−1
∑

i=0

p2ix
2i + x

n/2−1
∑

i=0

p2i+1x
2i

½Â

peven(x) =

n/2−1
∑

i=0

p2ix
2i podd(x) =

n/2−1
∑

i=0

p2i+1x
i

K

p(x) = peven(x2) + xpodd(x
2) p(x) = peven(x2)− xpodd(x

2) (12.1)

1È5µ=ωk 6= 1§Ù¥k = 1, 2, 3, 4, · · · , n − 1
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�ª£12.4¤Ð«�
O�1, ω, · · · , ω(n/2)−1,−1,−ω, · · · ,−ω(n/2)−1�p§�{I

�O�1, ω2, · · · , (ω(n/2)−1)2�pevenÚpodd§,��n/2g¦{£O�xpodd(x
2)¤

Úng\~{"õ�ªpevenÚpodd�±±Ó��üÑ48)û"Ò´`§¦�´

Ý�n/2-1�õ�ª§�±3n/2­�O�µ1, ω2, · · · , (ω(n/2)−1)2"w,��O�

�õ�ª´��~þ��ÿ§ØI��ó�"

48�{Xe"�{12.4 ¯�Fá�C�£48��¤�{12.5 ¯�F

á�C�Ñ\µ�þP = p0, p1, · · · , pn−1´n����Complexê|§n=2k¶�

êk>0"£�
?nfloatê|§�±òÙ���Complexê|P�¢Ü§òJÜ�

Ü��0"¤ÑÑµn����Complexê|transform§P�lÑFp�C�"ê|

��Ñ\ëê§�{W¿�"5¿µ·�b�aComplexJø
Eê��â$�

±{z·����è"ù�a3Java¥´Ø�3�"

·�b�omega´���Û�Complexê|§Ù¥�¹1�n­�µω0, ω, · · · , ωn−1"Complexê

|transformÐ©z��¹1k-1���§Ø´�f§ëwã12.5"πk´0, 1, · · · , n− 1�

ü�"

12.4.2 òÈ

12.4.3 N¹µEêÚü �Roots of Unity

Eê��C´(Üi£Jêü §-1�²��¤Ú¢êR�����"C =

R(i) = a + bi|a, bR"XJz = a + bi§a��z�¢Ü§b��zJÜ",3

3z1=a1+b1i§z2=a2+b2i"K½Â§

z1 + z2 = (a1 + a2) + (b1 + b2)i

z1 ∗ z2 = (a1a2 − b1b2) + (a1b2 + b1a2)i

1

z1
=

a1

a2
1 + b2

1

− b1i

a2
1 + b2

1

z1 6= 0 + 0i

Ø{Ú~{�±^þ¡��ª{ü�í���"

Java�óJ«µ�
3�{���è¥{zEê�L«Ú$�§·�

b½Complexa.�3§
��±��â$�*/+Ú-¶ù��a3Java ¥Ø

�3§�´3C++ÚFortran¥|±ù«L«{"�±{ü�½Âakü�

¢~�§reÚim§float½doublea."£êÆÖ¥~^ �reÚim5L«Eê

�reÚimÜ©"¤�´§§S
7Lò�â$�Î½Â¤¼ê£·��{¤§3¢

S�è¥¦^¼êN^
Ø´�âL�ª"

��Eê�±L«E²¡þ��þ"
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NP��¯K

13.1 Vã

3c¡�Ù!¥·�Æ�
�~õ«a�¯KÚ�{"k
�{´é��

�§�´k
éE,ÚI�E|§�´¤kù
�{�E,5Ñ3O(n3 )§ù

pn´¯K5�½Â"l�Ù�*:5w§·�ò�É¤k��{studied so far

as having fairly low time requirements"2w�úL1.1"·�w�k
�{éE

,±�uØU^{ü�õ�ª£ã§ù
�{¦)���5��Ñ\$1��

m���"L�����Ð«
XJE,5´2n§�{=¦éué��Ñ\�

´vk^�"3ù�Ùp¡·�ò'5@
�êE,Ý�¯K§ù
¯Kéu

����:�Ñ\ÒI�O�éõc§$�ÐA�­V"·�òÐ«��½Â§

ù�½Â«©·�®²-��tractable£"Ø´éJ" 1¤̄ KÚintractable£"é

J"§½´�~Ñ��¤̄ K"·�òÆS�a­��¯K§ùa¯Kk���<

�á5–�8·��Ã{��¦�UØUk��)û"®²é�)ûùa¯K�

�°(�§�´vk��Uy²ù
¯KI�éõ�m"Ï�Nõùa¯K´

¢SA^¥ª�JÑ�`z¯K§k���{k­��y¢¿Â"

13.2 PÚNP
�Ù¥/P0´�a¯K§¦��±3/õ�ª�m0S)û"éu/NP0

�£ã'�E,"3��/ªz½ÂÚ½n�c§·�£ãA�ò0B�Ù�

¯K"��·��ÑPÚNP�½Â"

13.2.1 ûü¯K

�Ù£ã�Nõ¯KÑ5
u`z¯K£¦�¤�|Ü�`z¯K¤§�´

1È5µ����§�+n�
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¦���±/ªz�ûü¯K"PÚNPa¯K§¦�ò3�¡��!¥½Â§
Ò´�aûü¯K"Ä��§��ûü¯K´���Ukü��YyesÚno�¯

K",
Ñ\�±Úåæ�"��¯K¢~´¯KÚA½Ñ\�|Ü"²~��

�ûü¯Kkü�Ü©µ

1. ¢~£ãÜ©½Â
ØÑ\	�Ù¦&E"

2. ¯KÜ©�Ñ
¢S�yes½no¯K¶¯K�¹
½Â3¢~£ã¥�C

þ"

éu�½�Ñ\ûü¯K�(�ÑÑØ´yesÒ´no"Ïd§ûü¯K�±Ä�

�¤kÑ\�8Üyes,no�N�"

�
Ð«��oÑ\�°(�é´­��§�Äe¡�ü�¯Kµ

1. ¢~µ��Ã�ãG = (V, E)"

¯KµG�¹��kk�º:�clicqueíº£��clique´��fãµfã¥

z�éº:�mÑk>ë�"¤

2. ¢~µ��Ã�ãG = (V, E)Ú�êk

¯KµG�¹��kk�º:�clicqueíº

ü�¯K´���§�´1��¯KkØ´Ñ\��Ü©§¤±��¢~�

,��¢~k´ØUC�¶�é{`§k´~þ"ù�¯KTÐ�±3O(k2nk)S

��{)û"XJk´��~ê§�{$13õ�ª�m"31��¯K¥§k´

��Ñ\��Ü©§¤±§´Cþ"�{E,$13O(k2nk)§�´ù�L�ª

Ø´��õ�ª�§Ï�n��ê´��Cþ"

13.2.2 �
{ü�¯K

·�ò3ù�Ù¥ÆS�
¯K"3k
�¹e¯K´¢SA^�)¯K

�{z½Ä�"²~�§(J�¯K�{z±}Á��
U?Ú���
@£§

F"ù
@£U^uU?�5�¯K"

½Â 13.1 ã�XÚÚçÚê£chromatic number¤

ãG = (V, E)�XÚ´��N�C : V → S§ùpS´��k�8Ü£/ô

Ú0¤§XJKC(V ) 6= C(w)¶�é{`§��º:ØUD±�Ó�ôÚ"

G�çÚê§L«�χ(G)§´XÚãGI����ôÚê£Ò´`§���

¦G�XÚC§|C(V )| = k¤á�k¤"

¯K 13.1 ã�XÚ

·��ÑÃ�ãG = (V, E)�¦XÚ"

`z¯Kµ�ÑG§û½χ(G)£¿�Ñ���`XÚ§Ò´`§��=

^χ(G)«ôÚ�XÚ�Y¤"
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ûü¯Kµ�ÑGÚ��êk§kvk�«=^k«ôÚ�G�XÚº£XJ

k§¡G´k«�XÚ"¤

ã�XÚ¯K´A½a.�SSü¯K�Ä�"~X§b�\��Æ�Ï"

�ÁI�3��(ÏSSü§zU3|�Á§=o�k15�/�ø0"k
�§§

'X�È©1ÚÔn1§7LSü3ØÓ��m§Ï�k
Æ)Ó�?
ùü�

�"-V´�§�8Ü§-E´Ø�@��å�Á��§é�8Ü"K�ÁUØ

Àâ�Sü315��ø¥§�d�ãG = (V, E) �±^15«ôÚXÚ"

¯K 13.2 �¨v�?ÖNÝ

b�n�?ÖJ1, · · · , Jn3�����U�1��"·��Ñ�1�mt1, · · · , tn§
Ú�mÏ�d1, · · · , dn£l1��?Öm©��mm©O�¤§Ú�L�mÏ�

�¨vp1, · · · , pn"b½�1�m§�mÏ�Ú¦{Ñ´��ê"��?ÖNÝ

´1, 2, · · · , n�ü�π§ùpJπ(1)L«Äk���?Ö§Jπ(2)L«1����?

Ö§�daí"

éu��A½�NÝ§XJ?Ö�Jπ(2)3�mÏ�dπ(j)���¤K§1j�

?Ö�¨vL«�Pj§½Â�Pj = pπ(j)§ÄKPj = 0"éuA½�NÝo�¨

v´

Pπ =

n
∑

j=1

Pj

`z¯Kµû½����U¨v£¿é��`�NÝ–k���o¨v¤"

ûü¯Kµ3Ñ\¥�Ñ�K�êk§´Ä�3��NÝ¦�Pπ ≤ kº

¯K 13.3 C�

b�·�kÃ��Nþ�1��f§Ún���s1, · · · , snÔN§ùp0 < si ≤
1£si´knê¤"

`z¯Kµû½�±CeÔN�����fêþ£¿é����C��

{¤"
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C��Ú^�)§O�Å��;ì¥packingêâ£~X§^�÷«þ�©
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Ú7á¤±C\��IO����f¥"

¯K 13.4 ��

b�·�k��Nþ�C���£����ê¤Ún����s1 , · · · , sn�Ô

NÚ/ÂÃ0p1, · · · , pn£ùps1, · · · , snÚp1, · · · , pn ´��ê¤"

`z¯Kµé���UCe���ÂÃ£¿é���ù�ÂÃ�ÔN�f

8¤"

ûü¯Kµ�Ñk§´Ä�3��ÔN�f8UC\��§�ÂÃ�Lkº

��¯K3²LOyÚCW½´packing¯K¥kéõA^"~X§��¯
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5¿c¡�3�¯KÑ´±���£ã�§�´��¯K´±���£ã

�"e��¯K´��¯K�{z��"

¯K 13.5 f8Ú

Ñ\´����êCÚn�ÔN§ÔN���´��ês1, · · · , sn"

`z¯KµÀ�ÔN�f8§f8�Ú�uC§@o���f8Ú´õ�º

ûü¯Kµ´Ä�3��ÔN�f8§¦��ÚTÐ�uCº

¯K 13.6 �÷v5

��popositional£½Ù�¤Cþ´���±D��true½false�Cþ"X

Jv´Ü6Cþ§K§�v§́ true��=�v´false"��literal2 ´��Ü6Cþ

½´Ü6Cþ��"��Ü6úª±48/ª½Â§Ü6úª´L�ª§L�ª

´Ü6Cþ½´Ü6~þ£�Ò´trueÚfalse¤§½ödL�ª\Ü6$�Î|

¤"��Ü6úª�±L«�õ«/ª§�)¼êÎÒ£~X§and(x,y)¤§$�

ÎÎÒ£~X§(x ∧ y)¤§½öL«���ä§z��internal!:´Ü6$�Î§

z���f´Ü6Cþ½ö´true½false"XJ�z��CþD�§ÏL$�Î

�5K�±�úªO���ý�"

Ü6úª��«A½5�/ª��Ü��ª£conjunctive normal form¤§

¦^2�"féclause´��dÜ6½£∨¤©��literals�S�"��Ü6úª

´Ü��ª£CNF¤§�§´dÜ6�£∧¤©��féS�"��Ü��ª�Ü
6úª�~f´

(p ∨ q ∨ s) ∧ (q ∨ r) ∧ (p ∨ r) ∧ (r ∨ s) ∧ (p ∨ s ∨ q)

ùpp§q§rÚsÑ´Ü6Cþ"0B�Ù/CNF�ª0©ª�Ü6CNF�ª"

�@Ü6Cþ�ý�D�truth assignment´�8Ü¥z��CþD

�true½false§�é{`´8Ü�Ù��¼ê"�@ý�D�÷v��úª§

�§¦�ù�úª���true"5¿��CNF�ª�÷v§��=�§�z��

féÑ´ý§
fé´ý��=�fé¥����literal´ý"

ûü¯Kµ�Ñ��CNF�ª§�3��ý�D�÷v§íº

ù�ûü¯K�CNF-�÷v5§½{¡�÷v5§²~{��CNF-SAT

½SAT"�÷v5¯K3gÄ½ny²¥¦^"ù�¯K3�Ù¥��¥%~

f"
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e¡��÷v5¯K�{z§��3-�÷v5§3-CNF-�÷v5§3-SAT§3-

CNF-SAT§�´é­��"£·�nÑõ�¶iÚ{�´Ï�vkIO�â�§

ù�¯K²~�J9"¤
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¯K 13.7 M�î£´Hamiltonian cyclesÚM�î´»Hamiltonian paths

Ã�ã�M�î£´´��{ü�£´§§BLz��½:�g�=�g"

k�ÿ¦^ccicuit�O£´"

ûü¯Kµ�Ñ��Ã�ã§§kM�î£´íº

���'�`z¯K´À1û¯K§½��ûi´�§e¡ò£ãù�¯
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Ã�ã�M�î´»´�^{ü´»§§BLz��½:�g�=�g"

ûü¯Kµ�Ñ��Ã�ã§§kM�î´»íº

ü�¯KÑ�±í2�k�ã§3k�ã�¦��/k�M�î£ £́´

»¤̄ K0"��M�î£´�CN´�½
m©Ú(åº:"

¯K 13.8 À1û

ù�¯K�2��¶i´À1û¯Ktraveling salesperson problem£{�

�TSP¤§�´����ûi¯Kminimum tour problem"û<���z�¯�

�«�S¤k¢½�¤ £̂�m§½´ål¤§
��£�Ñu:"Ù¦A^�)

-ÃÂ8��´�Ú�K�4�´�"

`z¯Kµ�Ñ������ãé�����M�î£´"

ûü¯Kµ�Ñ������ãÚyÖk§�3��õ�kk�M�î£´

íº

DÚ��òã��Ã��¶Ò´`§>�ü�����Ñ´���"M�î

£´¯K�kk�ã���"

ù
¯K�k^5Úw
´��{ü�UÚå\�,�¶31Ä�cò�

�\�O)û¦���{"

13.2.3 Pa
éuþ��(�¯Kvk®���{U�y3Ün��mS�Ñ(J"·

�Ø¬î��½Â/Ün0§�´·�ò½Â�aP¯K§§�)kÜn��Ç

��{"

½Â 13.2 õ�ª.�

`���{´õ�ª.��§�§����¹E,5´Ñ\5��õ�ª
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Sª�¤"
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��¯K´õ�ª.��§�§k��õ�ª�{"

1�Ù�1��Ù¤k��{Ñ´õ�ª$��§�k�ê�ÀöSØ	"

½Â 13.3 Pa
Pa�aûü¯K§ùa¯Kkõ�ª�.�"

P=½Â3ûü¯Kþ,but you usually will not go wrong by thinking of

the kinds of problems studied earlier in this book as being in P"
^õ�ª$���©aIOq�k:�¹–õ�ª�±��~�"�´§k

ÐA�ndÀJõ�ª"

Äk§¦+¿Ø´Pa¥�z��¯KÑk��É�k�Ç�{§�´·�
�±`XJ��¯KØáuPa§§�½´4ÝÑ�m�§�3¢�¥A�´Ø
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��k��IO–Ø3P¥�½´Ø��
É�"

Ùg§òõ�ª$���½ÂP��Ï´õ�ªkÐ�/4�0á5"��

E,¯K��{�±ÏLNõ{ü¯K��{¼�"{ü�{�UI�Ù¦�

{�ÑÑ½´¥m(J"\{!¦{Úcomposition{ü�{�E,5Ò�±�

�E,�{�E,5"Ï�õ�ªéù
$�Ñ´4Ü�§?Û±A�õ�ª

.���{ÏLg,�ª�ïå5��{�´õ�ª.��"vk���3^

�E,5$�¼êéuù
$�´4Ü�"

��§¦^õ�ª$�¦�PÕá�¦^�O�/ª�."kÐA�/ª�

.£�{�/ª½Â¤�^uy²�{Ú¯KE,5�î�½n"ù
�.#N

�ö�a.§�^�S�]
ÚD�ØÓö���ÑÑØ��"��¯K3�

��.¥I�Θ(f(n))Ú§3,���.¥�UI�õuΘ(f(n))Ú§�´éu

¤k�y¢��.§XJ��¯K´õ�ª.�§@o3O��.¥�´õ�ª

.�"

13.2.4 NPa
Nõûü¯K£�)·�¤k�{ü¯K¤Ñ�±L�¤���3¯Kµ́

Ä�3ãG�k«ôÚXÚº´Ä�3��ý�D�¦��½�CNF�ª�ýº

éu�½Ñ\§/)û�Y0´��é�£~X§��ã�XÚ§½��ý�D
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�)û�YU¯���y£3õ�ª�mS¤́ Ä´��ý��)û�Y£=§

´Ä÷v¯K¤k��¦¤"��ª�:§̄ K�Ñ\Ú�U�)û�Y7LU

^5gk�8Ü�ÎÒG£ã§~X§O�Å���iÎ8Ü"·�I�¦^�


ÎÒ5�½éã!8Ü!¼ê���£ã"éuA½¯Kæ^�ù@�½¡

�¯K�encoding"G���Ò´p¡ÎÒ�êþ"¤À8Ü�ÎÒGØ´¯

K�'�k�?è¶¦��´ÎÃ¦Â�|Ü"�ª�§��¯K¢~�Ñ\

Ú�U�)û�Y�±´iÎ8«�?¿G"�y���U�)û�Y�)�

yG´��k¿Â�£Ò´`§k�(��{¤¤I�aOé��£ã§�kÒ

´�u�§´Ä÷v¯K�IO"¤±?�iÎ8�GÑ�±@�´¯K¢~

�certificate"

�Uk�
ûü¯Kéu/)û�Y0Ú/�U�)û�Y0vkg,�)

º"Ä��`§��ûü¯K=´��¼ê§¼ê�Ñ\´��G�8Ü§ÑÑ

´yes,no"NP ���/ªz½Â�Ä¤k�ûü¯K"½Â¦^·�êþò�
½Â��(½5�{"¦+ù���{3¢�¥´Øy¢½´vk^�"§¦�

éu©a¯K´ék^�"

½Â 13.4 �(½5�{

���(½5�{kü��ãÚ��ÑÑÚµ

1. �(½5�{/ß0�ã"iÎ8�k
���?¿G§s§/�30S��

½�/�"�{$1�z�Ú§��G�UØÓ"£ù�G´certificate¶§

�±@�´��¯K)û�Y���ßÿ§¤±ù��ã¡�ß�ã§�

´s�U´Ã¿Â�G"¤

2. (½5/�y0�ã"��(½5f~ym©�1"Ø
ûü¯K�Ñ\

	§f~§�U¦^s§½�U�Ñs"�ª§�£true½false–½ö§?\

kÌ�Ø¬Ê�"£@��y�ãÒ´u�s§ws´Ø´ûü¯KÑ\��

�)û�Y§�Ò´XJ§�ûü¯K�Ñ\��yes£�"¤

3. ÑÑÚ"XJ�y�ã�£true§�{ÑÑyes"ÄKvkÑÑ"

�1�(½5�{�g�1�Úê½Â�ü��ãÚê�Ú¶Ò´`§Úê

´�s£{z�s¥iÎ�êþ¤\þ1�Ú�ys�1�Úê"

·���±±�«wªf~§(�£ã�(½5�{"b�genCertif�)

��?¿�certificate"�ª�`§���{éu?ÛÑ\ÑATª�§±9�

���{Ó��Ñ\Ò�½¬kÓ��ÑÑ"ùé��(½5�{´Ø�½�¶

éuA½�Ñ\x§�g$1���ÑÑ£½ö�UvkÑÑ¤�UÚ,�g�

��Ø��§Ï�¦��6us"@o���(½5O�éuA½ûü¯KÚA

½Ñ\���"£�"£¡�A¤́ �oQºAéux�£�½Â�yes§��=�k


A�$1L§�Ñ
yesÑÑ"XJéu¤ks£�Ñ´no§ÒvkÑÑ"¦^
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void nondetA( St r ing input )

{

St r ing s=g e tC e r t i f ( ) ;

boolean checkOK=ver i fyA ( input , s ) ;

i f ( checkOK)

Output " yes " ;

r e turn ;

}

1

2 3

4 5

G

Ñ\µk=4§n=5§G�>µ(1,2)§(1,4)§(2,4)§(2,3)§(3,5)§(2,5)§(3,4)§(4,5)

Figure 13.1: �(½5ãXÚ�Ñ\£~13.1¤

·�s���ªÎÒ�����U�)û�Y"Aéux�£�´yes§��=�k

���U�)û�Y�±/ó�0"

~ 13.1 �(½5ãXÚ

b�¯K´û½��Ã�ã´Ä�±^k«ôÚXÚ"�(½�{�1��

ãò���Gs§31��ãòÙ)º����U�XÚ"Gs�±)º����

êc1, c2, · · · , cq ��L§q�ûus��Ý"�{1��ã�±òù
�ê)º¤

ôÚD�º:µD�ci �vi"�
�yXÚ´Äk�§1��ã�I�µ

1. u��L¥´Äkn«ôÚ£�Ò´q=n¤

2. u�z��ci´ÄÑ31, · · · , k���S"

3. ×£ã�>��L£½ö×£��Ý
¤§éuz�^>vivju�ci 6= cj¶

�Ò´�^>�ü�º:�ôÚØÓ"

XJ¤k�ÿÁÑÏL§�y�ã�£true§�{ÑÑyes"XJsØ÷v¤k�

�¦§�y�ã�U�£false½?\kÌ�§éuùg�1�{Ø�)Ñ\"

Þ�~f§-Ñ\¢~´ã13.1¥�G§k=4§3ù«�¹e¯K´§/G�

±�4«ôÚXÚíº0�
�Ð��Ö5§·�^i1�OêiL«ô
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ÚB£7¤!R£ù¤!Y£�¤ÚO££¤"ùpk���U�certificateGsÚ�

y�ã�£���L"

s ÑÑ �Ï

RGRBG false v2Úv5Ñ´ÉÚ���

RGRB fasle Ø´¤kº:ÑXÚ


RBYGO false ¦^
Lõ�ôÚ

RGRBY true k��4«ôÚXÚ

R%*,G@ false �Ø��{

Q,£��¤k��(J�£true§¤±éuÑ\£G§4¤�(½5�{�£

�´yes"

XJéuz��£��yes�5��n�Ñ\k��£�½�¤õ�ªp§k

�
£�yes�ÑÑ�õ3p(n)ÚS���Y§K@����(½5�{kõ�

ª$�"£If there is a (fixed) polynomial p such that for each input of size n for

which the answer is yes, there is some execution of the algorithm that produces

a yes output in at most p(n) steps§K@����(½5�{kõ�ª$�"¤

½Â 13.5 aNP
NP´�aûü¯K§ùa¯Kkõ�ª$���(½5�{"£¶iNP´

�"Nondeterministic Polynomially bounded""¤

½n 13.1 ãXÚ!M�î£´!M�î´»!�¨v�?ÖNÝ!C�!f8

�Ú¯K!��¯K!÷v5ÚÀ1û¯K£¯K13.1�13.8¤ÑáuNP"
y²y²´���§33öS¥"~X§c¡£ã�u�ã�XÚÒ�±{

ü�3õ�ª�mS�¤"

½n 13.2 P ⊆ NP
y²��ûü¯K�ÊÏ£(½5�¤�{´�(½5�{�A~§�k

[�ØÓ"XJA´��ûü¯K�(½5�{§�I�-A´�(½5À{

�1��ã§�´?UA¦���ÑÑÑyes§AÒ�£true§��ÑÑnoÒ�

£false"A�´�Ñ1��ã�e�G�SN§UYU�~O�"���(½

5�{�±31��ã�0Úó�£����G¤§¤±XJA$13õ�ª�

m§@o±�?UL�A�1��ã��(½5�{�U$13õ�ª�m"X

JAÑÑyes§�(½5�{�ÑÑyes§ÄK�o�ØÑÑ"

¯K´P = NP½ö`P´NP�ýf8íº�é{`§éu^�(½
5/ß0��{U3õ�ª�m)û§�´^ÊÏ�{ØU3õ�ª�m)û

�¯K§�(½5�{'(½5�{�r�íºXJ��¯KáuNP§kõ�
ª�m$�p§@oXJ·�u�¤k�ÝØ�Lp(n)�G£�Ò´`§�z�

�U�G$1�g�(½5�{�1��ã¤§·�Ò�±£(½5�¤�Ñ�

(��Y£yes½no¤"u�z��GI��Úê�õ´p(n)"æ�´k�õ�G
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�u�"XJ·��iÎ8�)c�iÎ§kcp(n)��Ý�p(n)�G"G�êþ

´n��ê§
Ø´n�õ�ª"�,kÙ¦�{)ûù�¯Kµ¦^é��,


á5ÚE|5�O�{§¦�Øu�¤k��U"~X�üS�§·�Øu�¤

k�n�«ü�"�Ù?Ø�¯K�(J´ù��g´�vk�)k���{¶

¤k®���{Ø´u�¤k��U§Ò´^5u�ó��E|�Øv±3õ

�ª.�S"

��Ñ�&NP´��'P��8Ü§�´�vk��3NP¥�¯K�y
²Ø3P¥"NõNP¥�¯K£�)13.2.2�!¥¤k�{ü¯K¤Ñvk®�

�õ�ª$��{§�´�vUy²ù
�{kpuõ�ª.�"¤±·�c

¡¯��¯K/P = NP?0§E,]
�û"

13.2.5 Ñ\�5�

�Äe¡�¯K

¯K 13.9 �Ñ����ên§�3�êj,k>1§¦�n=jk?£Ò´`§n´Ä´�

�êº¤

ù�¯K3P¥íº�Äe¡��{§§�én�Ïf"

f a c t o r = 0 ;

f o r ( j =2; j<n ; j++)

{

i f ( ( n % j ) ==0)

{

f a c t o r=j ;

break ;

}

}

return f a c t o r ;

Ì�N�1�gê�un§
��±(½(n mod j)U3O(log2(n))SO�§¤±

�{�$1�m�Å��´3O(n2)",
û½��ê´�ê½öû½§Ø´�

ê�¯K§8cØ��´Ä3P¥§
�¯¢þÏf©)��ê�JÝ´�«�
è�{�Ä:§Ï�y3@�ù´��JK"ù«gñ��Ï´�oQº

�ÐÿÁ�{�Ñ\´�ên§�´n�size´�oº��y3§·���¦

^?¿��´�BÚÜn�Ñ\5��Ýþ¶§éuOêüÕ�iÎsÚbits¿

Ø­�"�·�Ýþ��Ñ\�5���U�����{´õ�ª½´�ê

�§·�Ø�Ø�%é�"Ñ\�5�´Ñ\�¤G�iÎ�êþ"~X§X

Jn=150§·��3�êi§
Ø´150�êi"Ïd��±�?�L«��ênk

5��log1 0n"XJ·�ÀJêi3O�ÅSÜ�L«{–�?�§@on�5
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��´lg n"üök��~êÏf��O¶log2 n = log2 10 log1 0n§¤±·�¦

^�ê�Ø´'�"�´'�:´XJÑ\�5�´log1 0n§
�{$1��m
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Ñ§¤±3Ñ\¥���m�ÎÒ"¦+vk7�3Ñ\¥�Ñ¤k�n�º:§
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>§¤±(n+m)�õ´Ñ\

¥ÎÒêþ�3�"?�Ú�§XJXJ�{�E,5´±(n+m)�õ�ª.�§

éu°(�Ñ\5��´õ�ª.�"

XJü�Ñ\5��Ýþ¥�z��Ñ3,���õ�ª¼êS§K

û½¯K´ÄáuPò�6u¦^@��Ýþ"±üS¯K�~§XJ�
�Ýþ´'�i�êþn§1��´n lg(max key)£��±bitsêïþ¤§·�

kn ∈ O(n log(maxKey))Ún lg(max Key) ∈ O(n2) "Ï
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Ä�3n�é�£��©O´s1, s2, · · · , sn¤�f8ÙÚTÐ�uCº¦^1�Ù

�Eâ§�±^n × C�L�5L«§O�L��êâ�I�é��Ú½£ëw
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f8Ú¯K�Ä�5y)û�Y$13Θ(nC)"Q,Ñ\¥kn�é�§n´
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�lg C'A5L«"ÏdÄ�5y)û�YØ´��õ�ª.��{"�,§X

JCØ��§3¢�¥�{�U´k^�"

13.3 NP��¯K
NP��´^5£ãNPa¥�(J�¯K�â�§XJNP��¯Kkõ
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